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Strong isospin symmetry breaking in light scalar meson production
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Isospin symmetry breaking is discussed as a tool for studying the nature and production mech-
anisms of light scalar mesons. We are concerned with isospin breaking effects with an amplitude
∼ √md −mu (instead of the usual ∼ md −mu), where mu and md are the u and d quark masses,
whose magnitude and phase vary with energy in a resonance-like way characteristic of the KK¯
threshold region. We consider a variety of reactions that can experimentally reveal (or have revealed)
the mixing of a00(980) and f0(980) resonances that breaks the isotopic invariance due to the mass
difference between K+ and K0 mesons. Experimental results on the search for a00(980) − f0(980)
mixing in f1(1285) → f0(980)pi0 → pi+pi−pi0 and η(1405) → f0(980)pi0 → pi+pi−pi0 decays suggest
a broader perspective on the isotopic symmetry breaking effects due to the K+ and K0 mass
difference. It has become clear that not only the a00(980)− f0(980) mixing but also any mechanism
producing KK¯ pairs with a definite isospin in an S wave gives rise to such effects, thus suggesting a
new tool for studying the nature and production mechanisms of light scalars. Of particular interest
is the case of a large isotopic symmetry breaking in the η(1405)→ f0(980)pi0→pi+pi−pi0 decay due
to the occurrence of anomalous Landau thresholds (logarithmic triangle singularities), i.e., due to
the η(1405) → (K∗K¯ + K¯∗K) → (K+K− +K0K¯0)pi0 → f0(980)pi0 → pi+pi−pi0 transition (where
it is of fundamental importance that the K∗ meson has a finite width).
Keywords: physics of light scalar mesons, isospin symmetry breaking, resonance mixing, reaction
mechanisms, experimental investigations
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1. Introduction. Nature of scalar mesons
In April 2016, one of the authors of this review (NNA)
delivered a plenary report “37 Years with Light Scalar
Mesons. The Lessons Learned” at the International con-
ference on the Physics of Fundamental Interaction de-
voted to the 60th anniversary the Joint Institute for Nu-
clear Research in Dubna [1]. The main topic of the report
2was a threshold phenomenon discovered in experiments
not long before the conference, which is now known as the
mixing of a00(980) and f0(980) resonances. It was theo-
retically predicted in [2] as early as 1979 (see also [3, 4]).
A special report on the problem related to strong viola-
tion of isotopic invariance in the production of light scalar
mesons [5] was delivered at the 14th International Work-
shop on Tau-Lepton Physics held in Beijing in September
2016. An extended version of that report is the basis of
this review.
The problem of light scalar mesons with masses <∼ 1
GeV, σ(600), κ(800), a0(980), and f0(980), has remained
one of the most intriguing topics of hadron spectroscopy
for several decades. The physics of light scalar mesons
has been repeatedly discussed in Physics–Uspekhi [4, 6–
8]. An impressive array of data on light scalars has been
collected to date [9]. The nontrivial nature of these states
is virtually uncontested. In particular, there is much
evidence of their four-quark q2q¯2 structure, and it is a
matter for lively discussions. The number of publica-
tions devoted to light scalar mesons is truly immense.
Some understanding of how theoretical and experimen-
tal explorations related to light scalar mesons have been
developing can be gained, for example, from studies and
reviews [1–30].
The search for light s and k mesons commenced as early
as the 1960s, and at the same time preliminary informa-
tion about these mesons appeared in Particle Data Group
(PDG) reviews. The linear σ-model [31–33] was used as
a theoretical tool to search for scalar mesons; this model
takes spontaneous breaking of chiral symmetry into ac-
count and contains pseudoscalar mesons as Goldstone
bosons. It has remarkably proved to be an effective low-
energy realization of quantum chromodynamics (QCD).
Narrow scalar resonances, the isovector a0(980) and the
isoscalar f0(980), were discovered in the late 1960s and
early 1970s.
In regard to σ and κ mesons, protracted unsuccess-
ful attempts to confirm their existence in a conclusive
way resulted in general disappointment, and information
about those particles disappeared from the PDG reviews.
The main argument against their existence was that the
phase shifts in both ππ and Kπ scattering fail to pass
through 90◦ at the assumed resonance masses. Never-
theless, experimental and theoretical studies of reactions
in which the σ and κ states could manifest themselves
continued.
The situation changed completely when the S-wave
amplitude of the ππ scattering with the isospin I =0 in
the linear σ-model was shown to contain a negative back-
ground phase [34] that conceals the σ meson, as a result
of which the ππ scattering phase fails to pass through
90◦ at the assumed resonance mass. This observation
clearly showed that the (background) screening of the
lightest broad scalar mesons is a phenomenon inherent
in chiral dynamics. This idea has been embraced to ini-
tiate a new wave of theoretical and experimental studies
of σ and κ mesons. As a result, beginning in 1996, the
light σ resonance, and beginning in 2004, the light κ reso-
nance reappeared in particle-physics reviews [35, 36]. In
study [37], which focused on the lightest scalar in the
SU(2)L × SU(2)R linear σ-model, the existence of chi-
ral screening of the σ resonance was demonstrated in
a joint description of low-energy data on the ππ→ππ
and γγ→π0π0 reactions. It was discovered that the
σ(600)→ γγ decay is a four-quark transition [8, 37].
Hadron scalar channels in the range <∼ 1 GeV became
a stumbling block for QCD, because neither the pertur-
bation theory nor the sum rules for individual resonances
are applicable in these channels. However, the nature of
σ(600), κ(800), a0(980), and f0(980) light scalar mesons
is the central point for understanding the chiral sym-
metry mechanism that emerges as a result of confine-
ment, and hence for understanding confinement itself.
Jaffe noted in 1977 that the quantum MIT bag model,
which incorporates confinement in a phenomenological
way, contains a nonet of light four-quark scalar states
[13]. Jaffe suggested that a0(980) and f0(980) could be
members of a nonet with the following symbolic quark
structures: a+0 (980)= ud¯ss¯, a
0
0(980)= (uu¯ - dd¯)ss¯/
√
2,
a−0 (980)= du¯ss¯ and f0(980)= (uu¯+ dd¯)ss¯/
√
2. From
that time on, the a00(980) and f0(980) resonances have
been the light-quark spectroscopy favorites.
Light scalar mesons have been explored in reac-
tions of virtually all conceivable types using acceler-
ators currently under operation. First, strong reac-
tions in which pairs of pseudoscalar mesons π+π−,
KK¯, πη, Kπ, etc. are produced in πN , KN , and
NN¯ collisions have been studied (see, e.g., review
[4]). It was shown in the late 1980s that study-
ing the radiation decays φ(1020)→ γa0(980)→ γπ0η and
φ(1020)→ γf0(980)→ γππ can shed light on the problem
of a0(980) and f0(980) mesons [18]. This issue was under
consideration from different perspectives for a decade,
until the first experimental results appeared in 1988 [38–
44].
The decays φ(1020)→ γa0(980)→ γπ0η and
φ(1020)→ γf0(980)→ γππ have been studied to date
not only theoretically but also experimentally with e+e−
colliders using the Spherical Neutral Detector (SND)
[45–48] and the CMD-2 (Cryogenic Magnetic Detector)
[49, 50] at the Novosibirsk- based Budker Institute
of Nuclear Physics, Siberian Branch of the Russian
Academy of Sciences, and the KLOE detector (K LOng
Experiment) at the Frascati φ-factory (Italy) [51–57].
The data from these experiments motivated theoret-
ical studies that yielded the first arguments in favor of
the four-quark nature of the f0(980) and a0(980) states
[1, 7, 18, 41–44, 58–67]. It was shown in [41, 65, 66],
for example, that light scalar mesons in φ(1020)-meson
radiative decays, φ(1020) → γf0(980) and φ(1020) →
γa00(980), are generated at small distances, implying that
the light scalar mesons are compact states rather than
loosely bound molecules. It was also shown in [60–62]
that radiative decays of the φ(1020) meson into light
scalar mesons are four-quark transitions and, in the ap-
3proach based on a large number of colors Nc, correspond
to the four-quark nature of light scalars.
Experimental studies of light scalar mesons in photon–
photon collisions, more specifically in the reactions
γγ→π+π−, γγ→π0π0 and γγ→π0η, which commenced
as early as the 1980s, are still in progress. It was pre-
dicted in 1982 [68, 69] that if the a0(980) and f0(980)
mesons have a four-quark structure, the rates of their pro-
duction in photon–photon collisions must be suppressed
by an order of magnitude compared to the case of a two-
quark structure. An estimate Γa0
0
→γγ ≈ Γf0→γγ ≈ 0.27
keV was obtained in a four-quark model [68, 69], which
was supported by experiment [9, 70–72]. The situation
with a0(980) that emerged after the Crystal Ball collab-
oration [70] had for the first time measured the cross
section of the reaction γγ → a00(980) → π0η was ana-
lyzed in detail in [73]. A dynamic model was proposed in
that study for the amplitude of a two-photon decay of the
a0(980) resonance (including theK
+K−-loop mechanism
of the transition a0(980)→ K+K− → γγ), which agrees
well with the data and demonstrates that the production
of a0(980) in photon–photon collisions is suppressed.
Studies of light scalar mesons in photon–photon colli-
sions at the B-factory in Japan [74–78], which opened the
era of super-precise statistics, not only have confirmed
predictions made 35 years earlier but also enabled reach-
ing the conclusion [8, 79, 80] that the production mecha-
nisms are four-quark transitions, thus signaling the four-
quark nature of light scalar mesons.
It was shown in [81, 82] that data on semileptonic de-
cays of heavy quarkonia are evidence of the four-quark
nature of isoscalar σ [or f0(500)] and f0(980) mesons and
provide a unique opportunity to explore the nature of
light isovector scalar mesons in the nearest future.
The f0(980), a0(980), σ(600), and κ(800) resonances
are now actively being studied in the numerous decays
of heavy quarkonia, J/ψ, Ds, D, Bs, and B by the
LHCb (Large Hadron Collider beauty experiment) col-
laboration, BaBar, FOCUS, CLEO, Belle, BES III (Bei-
jing Spectrometer III), etc. (see, e.g., reviews [9, 83–
86]). We note that the studies relating to the four-quark
structure of light scalar mesons have paved the way for
the ‘bold’ search for similar objects in the families of
mesons that contain heavy c and b quarks. The ma-
jority of theoretical and experimental teams all over the
world that explore elementary particle physics are now
studying different four-quark states. One might expect
that the Belle II detector on the SuperKEK B accel-
erator (Japan) will provide new data on production in
photon–photon collisions of tensor four-quark states, in-
cluding the tensor exotic four-quark state (E) with the
isospin I = 2 and mass in the vicinity of the rr threshold
[6, 68, 69, 87, 88]. Along with the predicted suppression
of the two-photon widths of a0(980) and f0(980) reso-
nances, a spectacular manifestation of that exotic state
in the reactions γγ → ρ0ρ0 and γγ → ρ+ρ− was pre-
dicted in [68, 69]. It was confirmed later in the experi-
ments of three groups, JADE (Japan, Deutschland, Eng-
land) [89], ARGUS (A Russian–German–United States–
Swedish collaboration) [90], and CELLO [91], which were
performed at the PETRA accelerator (an abbreviation
of Positron–Elektron Tandem Ring Anlage, the German
name of the facility) at the DESY (Deutsches Elecktro-
nen Synchrotron) particle physics research center (see, in
relation to this, [6, 87, 88]). Without a doubt, to con-
clusively prove the existence of a state with the quantum
numbers IG(JPC) = 2+(2++) and mass ≈ 1.5 GeV, it
has to be discovered in charged ρ±ρ± [6, 92] and ρ±ρ0
[6, 93] channels. Because the E± coupling to the γρ±
channel is strong, we believe that photoproduction reac-
tions γN → E±N → ρ±ρ0N and γN → E±∆→ ρ±ρ0∆
(which occur owing to ρ± exchange) at the Jefferson Lab-
oratory (USA) are the most promising ones for its search.
Each upgrade of accelerators and detectors triggers a
new wave in studying light scalar mesons. The mecha-
nisms of their production and decay and the shapes of
corresponding mass distributions are studied at a new
level of accuracy. The immense wealth of data with
large statistics obtainable using modern-day accelerators
will undoubtedly enable researchers to substantially im-
prove the accuracy of scalar-resonance parameters and
fruitfully continue the already commenced studies of fine
threshold phenomena related to the violation of isotopic
invariance in the region of a0(980) and f0(980) resonances
in the π+π− and ηπ0 mass spectra.
2. The a0
0
(980) − f0(980) mixing as
a threshold phenomenon. Amplitude
and phase of the a0
0
(980)→ (K+K− +
K0K¯0)→ f0(980) transition. First search
proposals
Experimental studies of effects related to the mixing of
particles with different isotopic spins and close masses
were always the focus of attention. The characteris-
tic ‘mass’ (amplitude) squared of transitions such as
ρ0 − ω and π0 − η is approximately 1 0.003 GeV2 or
≈ (md − mu) × 1 GeV. We here discuss the effects of
isotopic symmetry breaking, the amplitude of which is
∼ √md −mu (rather than ∼ (md −mu), as usually oc-
curs), and begin with the amplitude of transitions be-
tween a00(980) and f0(980) resonances.
The a00(980) and f0(980) resonances are located at the
KK¯ channel threshold and therefore experience its strong
influence (see, e.g., [12, 14–16]). This essentially dis-
tinguishes the a00(980) − f0(980) mixing from the well-
studied ρ0−ω mixing. The point is that due to the vicin-
ity of a00(980) and f0(980) resonances to the KK¯ thresh-
1 This means that the order of magnitude of the amplitudes of
those transitions is determined by the differences between the
masses squared of the particles in isotopic meson multiplets. For
example, the amplitude of the pi0 − η transition is |Πpi0η | ≈
m2pi(md−mu)/[
√
3(md+mu)] ≈ (m2K0−m2K++m2pi+−m2pi0 )/
√
3
[94].
4+
K+
a00 f0 a
0
0
f0
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Figure 1: KK¯-loop mechanism of the a00(980)− f0(980) mix-
ing.
old, the a00(980)−f0(980) transition is significantly deter-
mined by contributions from theK+K− andK0K¯0 inter-
mediate states: a00(980)→ (K+K− +K0K¯0)→ f0(980)
(Fig. 1). In the region between the K+K− and K0K¯0
thresholds, whose width is 8 MeV, the amplitude of
the a00(980)− f0(980) transition Πa00f0(m) (here and be-
low, m is the invariant virtual mass of the scalar res-
onance) is ∼ √md −mu rather than ∼ (md − mu), as
could be expected from general considerations. Out-
side this region, Πa0
0
f0(m) rapidly decreases and tends
to ∼ (md−mu). Indeed, the sum of the diagrams shown
in Fig. 1 converges and, given the isotopic symmetry
of the coupling constants ga0
0
K+K− = −ga0
0
K0K¯0 and
gf0K+K− = gf0K0K¯0 , yields the following contribution
to the amplitude of the a00(980)− f0(980) transition:
Πa0
0
f0(m) =
ga0
0
K+K−gf0K+K−
16π
[
i
(
ρK+K−(m)
−ρK0K¯0(m)
)
− ρK+K−(m)
π
ln
1 + ρK+K−(m)
1− ρK+K−(m)
+
ρK0K¯0(m)
π
ln
1 + ρK0K¯0(m)
1− ρK0K¯0(m)
]
, (1)
where ρKK¯(m) =
√
1− 4m2K/m2 for 0 ≤ m ≤ 2mK and
ρKK¯(m) must be replaced with i|ρKK¯(m)| for 0 ≤ m ≤
2mK . The resonance-like behavior of the absolute value
and phase of amplitude (1) is visually displayed in Fig.
2. We represent Πa0
0
f0(m) near the KK¯ threshold as a
series in ρK+K−(m) and ρK0K¯0(m):
Πa0
0
f0(m) =
ga0
0
K+K−gf0K+K−
16π
[
i
(
ρK+K−(m)
−ρK0K¯0(m)
)
− 2
π
(
ρ2K+K−(m)− ρ2K0K¯0(m)
)
+O
(
ρ4K+K−(m)− ρ4K0K¯0(m)
)
+ ...
]
=
ga0
0
K+K−gf0K+K−
16π
[
i
(
ρK+K−(m)− ρK0K¯0(m)
)
+
8 (m2K0 −m2K+)
πm2
+O
(
ρ4K+K−(m)− ρ4K0K¯0(m)
)
+ ...
]
. (2)
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Figure 2: (a) Absolute value of the a00(980) − f0(980) mix-
ing amplitude: an example. (b) The phase of the a00(980) −
f0(980) mixing changes by 90
◦ between theK+K− andK0K¯0
thresholds, where the absolute value of the amplitude is prac-
tically constant and has the maximum value.
In the region between the K+K− and K0K¯0 thresholds,
the absolute value of the first term in (2) is
|Πa0
0
f0(m)| ≈
|ga0
0
K+K−gf0K+K− |
16π
√
2(mK0 −mK+)
mK0
≈ 0.127 |ga0K+K−gf0K+K− |
16π
≃ 0.03 GeV2
≈ mK
√
m2K0 −m2K+ ≈ m2K0.127
≈ m3/2K
√
2(md −mu). (3)
In deriving this estimate for |Πa0
0
f0(m ≈ 2mK)| and plot-
ting the |Πa0
0
f0(m)| function in Fig. 2, we used the values
of the ga0
0
K+K− and gf0K+K− constants that were deter-
mined in [95] from the analysis of the first data of the
BES III collaboration [96] on the a00(980)− f0(980) mix-
ing (see details in Section 4.3).
As was noted above, for the ρ0 − ω and π0 − η tran-
sitions, |Πρ0ω| ≈ |Πpi0η| ≈ 0.003 GeV2 ≈ (md −mu) × 1
GeV.
We emphasize that the first term in the right-hand
side of Eqn (2) is theoretically determined in an unam-
biguous way using the a00(980) and f0(980) coupling con-
stants with the KK¯ channel, as follows from the uni-
tarity condition. Numerous data analyses indicate the
four-quark nature of f0(980) anda
0
0(980) resonances and
their strong coupling with the superallowed decay into
the KK¯ channel [1, 7, 13]. The contribution from other
intermediate states is, generally speaking, of the same or-
der as the second term in (2), i.e., an order of magnitude
smaller. Therefore, the a00(980) − f0(980) transition is
virtually completely driven by the first term in the right-
hand side of Eqn (2). As was noted above, the amplitude
Πa0
0
f0(m) rapidly decreases outside the region of the KK¯
thresholds, and we can naturally expect the violation of
isotopic invariance to be relatively small here, of the or-
der of (mK0 −mK+)/mK0 ≈ 1/125. Such contributions,
which are incalculable in practice, can be ignored in the
first approximation.
5Because the amplitude Πa0
0
f0(m) is not small between
the K+K− and K0K¯0 thresholds, all orders of the
a00(980)− f0(980) mixing must be taken into account in
the propagator Ga0
0
f0(m) that describes the a
0
0(980) →
f0(980) and reverse transitions [2, 3],
Ga0
0
f0(m) =
Πa0
0
f0(m)
Da0
0
(m)Df0(m)−Π2a0
0
f0
(m)
, (4)
where Dr(s) is the inverse propagator of the unmixed
resonance r with mass mr (r = a
0
0(980), f0(980)),
Dr(m) = m
2
r −m2 +
∑
ab
[ReΠabr (mr)−Πabr (m)], (5)
ab = (ηπ0, K+K−, K0K¯0, η′π0) for r = a00(980) and
ab = (π+π−, π0π0, K+K−, K0K¯0, ηη) for r = f0(980),
Πabr (m) is the diagonal matrix element of the polarization
operator of a resonance r, corresponding to the contribu-
tion of the ab intermediate state. 2
The propagators of a00(980) and f0(980) resonances,
1/Da0
0
(m) and 1/Df0(m), built with consideration for the
2 The expressions for Πabr (m) in different m regions are related to
each other by analytic continuation [15, 95]. If m > ma +mb,
then
Πabr (m) =
g2rab
16pi
[
m
(+)
ab
m
(−)
ab
pim2
ln
mb
ma
+ρab(m)
i− 1
pi
ln
√
m2 −m(−) 2
ab
+
√
m2 −m(+) 2
ab√
m2 −m(−) 2
ab
−
√
m2 −m(+) 2
ab
 , (6)
where grab is the constant of r coupling to ab, ρab(m) = (m
2 −
m
(+) 2
ab
)1/2(m2−m(−) 2
ab
)1/2/m2,m
(±)
ab
=ma±mb, andma ≥ mb;
ImΠabr (m) = mΓr→ab(m) =
g2
rab
16pi
ρab(m). (7)
If m
(−)
ab
< m < m
(+)
ab
, then
Πabr (m) =
g2rab
16pi
[
m
(+)
ab
m
(−)
ab
pim2
ln
mb
ma
−ρab(m)
1− 2
pi
arctan
√
m
(+) 2
ab
−m2√
m2 −m(−) 2
ab
 , (8)
where ρab(m) = (m
(+) 2
ab
−m2)1/2(m2 −m(−) 2
ab
)1/2/m2.
If m ≤ m(−)
ab
, then
Πabr (m) =
g2rab
16pi
[
m
(+)
ab
m
(−)
ab
pim2
ln
mb
ma
+ρab(m)
1
pi
ln
√
m
(+) 2
ab
−m2 +
√
m
(−) 2
ab
−m2√
m
(+) 2
ab
−m2 −
√
m
(−) 2
ab
−m2
 , (9)
where ρab(m) = (m
(+) 2
ab
−m2)1/2(m(−) 2
ab
−m2)1/2/m2.
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Figure 3: Mass spectra in isospin-violating decays f0(980)→
ηpi0 and a0(980) → pi+pi− driven by the a00(980) − f0(980)
mixing. The solid and dashed curves are basically similar to
each other. The dotted vertical lines show positions of the
K+K− and K0K¯0 thresholds.
finite width of the particles, satisfy the Ka¨lle´n–Lehmann
representation in a broad range of the coupling constant
grab and therefore ensure that the decay probabilities∑
abBR(r → ab) sum up to unity (BR is the branch-
ing ratio) [97].
We now present estimates for the probabilities of
isospin-violating decays f0(980) → ηπ0 and a00(980) →
π+π− that are due to the a00(980)− f0(980) mixing. Us-
ing the constants of the coupling of a00(980) and f0(980)
resonances to ππ, KK¯, ηπ, etc. channels [95], we obtain
BR(f0(980)→ KK¯ → a00(980)→ ηπ0)
=
∫ ∣∣∣Ga0
0
f0(m)
∣∣∣2 2m2Γa00→ηpi0(m)
π
dm ≈ 0.3% , (10)
BR(a00(980)→ KK¯ → f0(980)→ π+π−)
=
∫ ∣∣∣Ga0
0
f0(m)
∣∣∣2 2m2Γf0→pi+pi−(m)
π
dm ≈ 0.14% . (11)
Figure 3 shows the mass spectra that correspond to inte-
grands in Eqns (10) and (11). A characteristic feature of
those decays is that the ηπ0 and π+π− mass spectra are
dominated by narrow resonance structures in the vicinity
of the KK¯ thresholds.
It is also of interest to estimate the cross section of the
G-parity-forbidden S-wave process π+π− → ηπ0 (which
is not directly observable) that can occur owing to the
a00(980)− f0(980) mixing mechanism:
σ(π+π− → ηπ0) = 16π
ρ2pi+pi−(m)
×Γf0→pi+pi−(m)Γa00→ηpi0(m)
∣∣∣Ga0
0
f0(m)
∣∣∣2 . (12)
6The resonance-like behavior of σ(π+π− → ηπ0) as a func-
tion of energy is virtually undistinguishable from that
of the ηπ0 mass spectrum (see the solid curve in Fig.
3). The estimated average value of σ(π+π− → ηπ0) in
the range between the K+K− and K0K¯0 thresholds is
≈ 0.39 mb. This value is too large for a G-parity- forbid-
den process. The quoted value is about 8% of the unitary
limit for the cross section of the allowed S-wave process
π+π− → π0π0, which is 32π/[3mρpi+pi−(m)]2 ≈ 4.8 mb
at m ≈ 2mK .
If a00(980) and f0(980) resonances can be produced con-
currently in a reaction (for example, in π−p collisions),
their contributions mutually interfere in ηπ0 and π+π−
mass spectra owing to the a00(980)−f0(980) mixing. The
corresponding interference effects are determined by the
a00(980) − f0(980) mixing amplitude and relative values
of the initial a00(980) and f0(980) production amplitudes.
The possibility of detecting the a00(980) − f0(980) mix-
ing is then significantly dependent on the choice of the
particular reaction.
If selection rules allow production in a reaction of the
a00(980) or f0(980) resonance alone, that reaction pro-
vides, in principle, an opportunity to directly measure
BR(a00(980) → π+π−) or BR(f0(980) → ηπ0) that are
due to the a00(980)− f0(980) mixing.
We discuss various examples of reactions of both types
in this review.
2.1. Peripheral reactions pi±N → (a0
0
(980),
f0(980))(N,∆)→ ηpi
0(N,∆)
We begin with high-energy reactions
π±N → (a00(980), f0(980))N → ηπ0N, (13)
where one-pion exchange in the t channel becomes pos-
sible owing to the a00(980) − f0(980) mixing, π±N →
f0(980)N → ηπ0N [2, 3, 98]. The one-pion exchange am-
plitudes are known to be large. Therefore, the effect of
the G-parity-forbidden amplitude π±N → f0(980)N →
ηπ0N is enhanced on the background of the allowed pro-
cess π±N → a00(980)N → ηπ0N at |t| <∼ 0.1 GeV2 (where
t is the momentum squared transferred from the π± sys-
tem to the ηπ0 system). The differential cross section of
reaction (13) can be represented as
dσ
dtdm
=
∣∣∣±Ma00+−(b1) +Mf0+−(π)∣∣∣2 + ∣∣∣±Ma00++(ρ2)∣∣∣2 .(14)
where M r+− and M
r
++ are the s-channel helicity ampli-
tudes with and without the nucleon helicity flip, which
describe production of the resonance r and its subsequent
decay into ηπ0. The symbols in parentheses indicate the
type of Regge exchange for the given helicity amplitude
(for this, we use symbols of the lightest particles lying
on the Regge trajectories with the corresponding quan-
tum numbers); the ± sign means that the amplitudes of
a00(980) production have different signs in the reactions
π−p → ηπ0n and π+n → ηπ0p. We recall that the ρ2
state corresponds in today’s notations to the quantum
numbers IG(JPC) = 1+(2−−); however, this state has
not been identified yet as a peak in corresponding multi-
particle mass spectra [9].
Regge amplitudes with ρ2-exchange quantum numbers
in the t channel (earlier referred to as the Z exchange
[99]) are nevertheless needed to describe data on differ-
ential cross sections of the reactions π−p → a00(980)n,
π−p → ωn, πN → a2(1320)N , etc. These ampli-
tudes can also be due to Regge cuts. The proper-
ties of the Regge amplitude M
a00
++(ρ2) for the reaction
π−p→ a00(980)n have been considered in detail in [98].
The reaction π−p → ηπ0n has been studied at
the Brookhaven National Laboratory at the laboratory-
system momentum of the incident pion P pi
−
lab = 18.3
GeV/c [100, 101], at the Protvino-based Institute of High
Energy Physics at 32 and 38 GeV/c [102, 103], and at
CERN at 100 GeV/c [103]. The contribution to the cross
section of the π−p → ηπ0n process from the reggeized
one-pion exchange (OPE) has the form [98]
dσ(OPE)
dtdm
=
1
πs2
g2piNN
4π
[
−teΛpi(s)(t−m2pi)
(t−m2pi)2
]
×m3ρpi+pi−(m)σ(π+π− → ηπ0), (15)
where s is the energy squared in the π−p center-of-mass
system, g2piNN/(4π) ≈ 14.6, Λpi(s)/2 is the slope of the
Regge π-pole residue, and the σ(π+π− → ηπ0) cross sec-
tion is given by Eqn (12) [see also the discussion that fol-
lows Eqn (12)]. According to a very conservative estimate
quoted in [104, 105], at P pi
−
lab = 18.3 GeV/c, the value of
dσ(OPE)/dt at the maximum located at t ≈ −0.015 GeV2
is ≈ 140 nb/GeV2, and the total cross section of the one-
pion exchange is σ(OPE) ≈ 11 nb. These values respec-
tively make about 15% of [dσ/dt(π−p → a00(980)n →
ηπ0n)]|t≈0 ≈ 940 nb/GeV2 and about 5.5% of the total
cross section σ(π−p → a00(980)n → ηπ0n) ≈ 200 nb at
18.3 GeV/c (see details in [98, 104, 105]). The BNL data
on the reaction π−p → a00(980)n → ηπ0n were normal-
ized in [98] (see also [104, 105], where the agreement of
that normalization with the estimated cross section pre-
sented in [102] was noted).
Thus, G-parity-violating one-pion exchange can play
an important role in forming the forward peak in the
dσ/dt(π−p→ a00(980)n→ ηπ0n) cross section and influ-
ence the shape of the ηπ0 mass spectrum in the region
of the a00(980) resonance. Unfortunately, due to insuffi-
cient resolution in the invariant mass of the ηπ0 system
and variable t and limited statistics (errors in cross sec-
tions), it is not possible to separate the signal from the
a00(980)−f0(980) mixing in the data of the BNL [100, 101]
and IHEP [102, 103] experiments. More precise measure-
ments of the π−p→ a00(980)n→ ηπ0n reaction remain a
promising and interesting option in what regards detec-
tion of the a00(980)− f0(980) mixing.
We note that the interference of the contributions from
the π and b1 exchanges that occurs in the amplitudeM+−
[see (14)] was discussed in detail in [3] (see also subse-
quent studies [98, 104, 105]). Study [3] also contained
7estimates of possible manifestations of a00(980)− f0(980)
mixing in the reactions π±N → (a00(980), f0(980))∆ →
ηπ0∆, where the interference of the π and b1 exchanges
at small t can be more significant than in π±N →
(a00(980), f0(980))N → ηπ0N .
2.2. Reactions (K−, K¯0)N → (f0(980), a
0
0
(980))
(Λ,Σ,Σ(1385))→ (pi+pi−/ηpi0) (Λ,Σ,Σ(1385))
A somewhat different picture of a00(980)− f0(980) inter-
ference can be expected at high energies in the reactions
(K−, K¯0)N → (f0(980), a00(980))(Λ,Σ,Σ(1385))
→
{
(π+π−)(Λ,Σ,Σ(1385)),
(ηπ0)(Λ,Σ,Σ(1385)).
(16)
The allowed t-channel exchanges are in this case the same
as for the production of a00(980) and f0(980) resonances.
If the ReggeK-pole exchange dominates (exchanges with
natural parity are forbidden), the interference phenom-
ena in the π+π− and ηπ0 mass spectra are calculated in
an unambiguous way [3]:
dNpi+pi−
dm
= C g2f0K+K−
2m2Γf0→pi+pi−(m)
π|Df0(m)|2
×
∣∣∣∣1± ga00K+K−gf0K+K− Ga00f0(m)Df0(m)
∣∣∣∣2 , (17)
dNηpi0
dm
= C g2a0
0
K+K−
2m2Γa0
0
→ηpi0(m)
π|Da0
0
(m)|2
×
∣∣∣∣∣1± gf0K+K−ga0
0
K+K−
Ga0
0
f0(m)Da00(m)
∣∣∣∣∣
2
, (18)
The + and − signs in Eqns (17) and (18) correspond to
reactions (16) with K− and K¯0 mesons. It is generally
assumed that the Regge residues are proportional to the
coupling constants of the scalar resonances and K+K−.
As a result of the interference, the resonance peaks in the
reactions caused by K− and K¯0 mesons are separated by
10 to 15 MeV and have different shapes [3].
2.3. Reactions of p¯n annihilation at rest p¯n →
(pi−, ρ−)f0(980)→ (pi
−, ρ−)ηpi0
In the reactions of p¯n annihilation at rest,
p¯n→ π−f0(980)→ π−ηπ0, (19)
p¯n→ ρ−f0(980)→ ρ−ηπ0, (20)
which occur owing to the a00(980) − f0(980) mixing, a
narrow peak is supposed to be observed in the ηπ0 mass
spectrum at m ≈ 2mK , similar to that shown in Fig.
3. The p¯n annihilation at rest occurs in reaction (19)
in the state with the π−-meson quantum numbers, and
in reaction (20) with the ρ−-meson quantum numbers.
Therefore, production of the ηπ0 system via the a00(980)
resonance is forbidden in these reactions due to G-parity.
Thus, reactions (19) and (20) provide an opportunity to
directly measure the value of BR(f0(980)→ ηπ0) [3].
2.4. Decay f1(1285)→ a
0
0
(980)pi0 → 3pi
As was noted in [2], the a00(980) − f0(980) mixing en-
ables the f1(1285) meson with the quantum numbers
IG(JPC) = 0+(1++) to decay into 3π:
f1(1285)→ a00(980)π0 → f0(980)π0 → 3π. (21)
The decay f1(1285) → a0(980)π → ηππ is one of the
main decay channels for the f1(1285) meson [9]. Accord-
ing to the estimate given in [3],
Γf1(1285)→a00pi0→pi+pi−pi0
Γf1(1285)→a±0 (980)pi∓→ηpi+pi−
≈ 1− 3% (22)
depending on the parameters of f0(980) and a
0
0(980)
resonances, which were varied in a rather broad range.
This result initiated studies of the isospin-violating de-
cay f1(1285) → f0(980)π0 → π+π−π0. Resumed later
(after more than 25 years), these studies yielded a rather
interesting result. The modern-day situation with the
f1(1285)→ 3π decay is described in Sections 4 and 5.
In concluding this section, we note that the interest
in the phenomenon of a00(980) − f0(980) mixing started
gradually increasing beginning in 1995. For example, the
a00(980) − f0(980) mixing and the ways to observe it in
experiment were repeatedly discussed in the decade that
followed [20, 98, 100, 104–117].
A conceptually new proposal to search for a00(980) −
f0(980) mixing was made in 2004. We proposed in
[104, 105] to conduct an experiment using the π−p →
ηπ0n reaction on a polarized target, which allowed
uniquely identifying the a00(980)− f0(980) by a large and
abrupt increase in the azimuthal asymmetry in the ηπ0
production cross section in an S-wave with the ηπ0 in-
variant mass varying in the region of the KK¯ thresholds.
The behavior of this asymmetry is primarily driven by
the 90◦ change in the amplitude of the a00(980)− f0(980)
transition between the KK¯ thresholds. This proposal is
discussed in Section 3.
3. The a0
0
(980) − f0(980) mixing
in polarization phenomena. Reaction
pi−p ↑→ ηpi0n
The surge in the phase of the a00(980) − f0(980) transi-
tion amplitudes shown in Fig. 2b has prompted an ex-
ploration of a00(980)−f0(980) mixing in polarization phe-
nomena [104, 105]. If the amplitude of the process with
this spin configuration is dominated by the contribution
due to the a00(980) − f0(980) mixing, the spin asymme-
try of the cross section must exhibit a surge near the
KK¯ thresholds. An example of this phenomenon is the
π−p ↑→ (a00(980), f0(980))n → a00(980)n → ηπ0n reac-
tion on a polarized target. The corresponding differential
cross section is
dσ
dtdmdψ
=
1
2π
[
dσ
dtdm
+ I(t,m)P cosψ
]
, (23)
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Figure 4: Manifestation of a00(980) − f0(980) mixing in the
reaction pi−p ↑→ ηpi0n on a polarized target at P pi−lab = 18.3
GeV/c in the model of ρ2 and pi Regge exchanges [104, 105].
The solid curve shows the spin asymmetry A(0 ≤ −t ≤
0.025GeV2,m) as a function of the invariant mass of the ηpi0
system m (the dotted curve is the result of smoothing in m
using a Gauss distribution with a dispersion of 10 MeV).
where ψ is the angle between the normal to the reaction
plane determined by the momenta of the incident π−
meson and the final ηπ0 system and the direction of the
polarization of target protons perpendicular to the π−-
beam axis, P is the degree of that polarization, I(t,m) =
2 Im(M++M
∗
+−) describes the interference contribution
that yields the azimuthal asymmetry of the cross sec-
tion, and dσ/dtdm = |M+−|2 + |M++|2 is the cross sec-
tion on an unpolarized target. The values of I(t,m) and
dσ/dtdm are used to determine the dimensionless nor-
malized spin asymmetry A(t,m) = I(t,m)/[d2σ/dtdm],
−1 ≤ A(t,m) ≤ 1.
Figure 4 illustrates the surge in the asymmetry as
a function of m in the region of the KK¯ thresholds
at 0 ≤ −t ≤ 0.025GeV2. It emerges as a result of
interference between the isospin-conserving amplitude
M++ = M
a00
++(ρ2) and the amplitude M+− = M
f0
+−(π)
due to the a00(980) − f0(980) mixing in the model of ρ2
and π Regge exchanges [see (14)]. This selection of the
Regge mechanism model is not fortuitous: a description
of the BNL [100] and IHEP [103] data for the differential
cross section dσ/dt(π−p→ a00(980)n→ ηπ0n) on an un-
polarized target does not require introducing M
a00
+−(b1),
an amplitude with the quantum numbers of the b1 Regge
exchange [see (14)]. Those data are perfectly well ap-
proximated in the 0 ≤ −t ≤ 0.6GeV2 range using a sim-
ple exponential function dσ/dt = C exp(Λt), i.e., they
can be described using the amplitude M
a00
++(ρ2), which
does not vanish as t → 0 (see, e.g., the solid curve in
Fig. 5), while the contribution of the spin-flip ampli-
tude is M
a00
+−(b1) ∼
√−t. The value of the polarization
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Figure 5: Dots with error bars are the normalized BNL data
[100] for the differential cross section dσ/dt of the reaction
pi−p → a00(980)n → ηpi0n at P pi
−
lab = 18.3 GeV/c [98]. The
solid curve is the result of data approximation in the model
of the ρ2 Regge exchange. The dotted curve that virtu-
ally coincides with the solid one is an example of data ap-
proximation in the model of ρ2 and b1 Regge exchanges,
whose contributions to dσ/dt are respectively presented by
the long-dashed and short-dashed curves. The dot-dashed
curve shows the cross section dσ(OPE)/dt of the reaction
pi−p → f0(980)n → a00(980)n → ηpi0n at P pi
−
lab = 18.3 GeV/c
(see details in [105]).
effects in the model of ρ2 and π Regge exchanges does
not change much within the intervals 0 ≤ −t ≤ 0.05,
0.1, and 0.2 GeV2. All the details of versions that oc-
cur when the contribution from the b1 exchange is taken
into account (a version of this kind is illustrated in Fig.
5) can be found in [104, 105]. The main conclusion that
can be drawn from the analysis made in the papers cited
above is that the spin asymmetry emerging in any in-
terval 0 ≤ −t ≤ 0.025, ..., 0.100GeV2 is in any event pre-
dicted to exhibit, due to an admixture of the π exchange,
an increase by a value close to unity in the m range from
0.965 to 1.010 GeV.
It is noteworthy that detecting the spin asymmetry
surge does not require high resolution in the invariant
mass of the ηπ0 system (see Fig. 4), which is of im-
portance for identifying manifestations of the a00(980) −
f0(980) mixing in the ηπ
0 mass spectrum in an unpolar-
ized experiment. Moreover, it is expected that the energy
dependence of the polarization effect is weak. Therefore,
it can be explored in a broad P pi
−
lab range, for example,
from 8 to 100 GeV/c.
The reactions with polarized targets are still waiting
9to be explored experimentally.
4. Detection of a0
0
(980)− f0(980) mixing
Interest in the isospin-violating a00(980)−f0(980) mixing
has not abated over the last decade [5, 95, 96, 118–143].
Effects related to this phenomenon have been discovered
and experimentally studied using the VES (Vertex Spec-
trometer) detector in Protvino [119–122] and the BES III
detector in Beijing [96, 125, 134] in the reactions
π−N → π−f1(1285)N → π−f0(980)π0N
→ π−π+π−π0N [119–122], (24)
J/ψ → φf0(980)→ φa0(980)→ φηπ0 [96], (25)
χc1 → a0(980)π0 → f0(980)π0 → π+π−π0 [96], (26)
J/ψ → γη(1405)→ γf0(980)π0 → γ 3π [125], (27)
J/ψ → φf1(1285)→ φf0(980)π0 → φ 3π [134]. (28)
The results of these experiments have shown quite
clearly [5, 95, 135] that similar isospin violation effects,
which are due to the mass difference of the K+ and
K0 mesons, can emerge not only as a result of the
a00(980)− f0(980) mixing alone but also from any mech-
anism of KK¯-pair production with a definite isospin in
the S-wave:
XI=0 → (K+K− +K0K¯0)→ a00(980)→ ηπ0, (29)
XI=1 → (K+K− +K0K¯0)→ f0(980)→ π+π−. (30)
Each mechanism of this kind generates both a narrow
resonance peak in the ηπ0 or π+π− mass spectrum (see
Fig. 3 as an example) and a surge in the phase amplitude
between the K+K− and K0K¯0 thresholds (Fig. 2b).
This implies that a new tool for studying the production
mechanism and nature of light scalars is now available.
We discuss the effects discovered in reactions (24)–(28)
in Sections 4.1–4.3 and 5.
4.1. VES experiment in Protvino: the reac-
tion pi−N → pi−f1(1285)N → pi
−f0(980)pi
0N →
pi−pi+pi−pi0N
The first preliminary observations of the isotopic-
symmetry-violating decay f1(1285)→ π+π−π0 obtained
using the VES detector at the Protvino accelerator [119]
were reported in 2007 at the 12th International Confer-
ence on Hadron Spectroscopy (Hadron 2007) (see also
[120, 121]). The reaction of the diffraction production
of the π−f1(1285) system, π
−N → π−f1(1285)N , was
used as a source of f1(1285) mesons. This reaction
was studied in π−Be collisions at P pi
−
lab = 27, 37, and
41 GeV/c. The signal from the f1(1285) resonance was
sought in the π+π−π0 decay channel and in the ‘refer-
ence’ ηπ+π− channel. It was found that a distinguishing
feature of the f1(1285) → π+π−π0 decay is the pres-
ence in the π+π− mass spectrum of a resonance-type
structure in the vicinity of f0(980), which is character-
istic of the isospin-violating a00(980) − f0(980) mixing,
f1(1285)→ a00(980)π0 → f0(980)π0 → π+π−π0 (see Sec-
tion 2.4).
The final results of the VES experiment reported in
[122] can be formulated as follows. The f1(1285) →
π+π−π0 decay, which violates isotopic symmetry, has
been discovered. Its branching ratio
BR(f1(1285)→ f0(980)π0 → π+π−π0)
BR(f1(1285)→ ηπ+π−)
= (0.86± 0.16± 0.20)% (31)
and the probability of the f1(1285) → π+π−π0 decay
have been measured:
BR(f1(1285)→ f0(980)π0 → π+π−π0)
= (0.30± 0.055± 0.074)%. (32)
The PDG data [9] on BR(f1(1285) → a00(980)π0 →
ηπ0π0) yield
BR(f1(1285)→ f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
= (2.5± 0.9)%. (33)
4.2. BESIII experiment in Beijing: re-
actions J/ψ→φf0(980)→φa0(980)→φηpi
0 and
χc1→a0(980)pi
0→ f0(980)pi
0→pi+pi−pi0
A proposal was made in [123] to search for a00(980) −
f0(980) mixing in the reaction J/ψ → φf0(980) →
φa0(980)→ φηπ0, which as estimates show can be mea-
sured at the Beijing-based upgraded electron+positron
collider using the BES III detector. It was later proposed
to use the same facility to search for the a00(980)−f0(980)
mixing in the reaction χc1 → a0(980)π0 → f0(980)π0 →
π+π−π0 [124]. Corresponding measurements were per-
formed shortly after that, among other initial experi-
ments with the BESIII detector [96]. The rates ξfa and
ξaf of the f0(980) → a00(980) and a00(980) → f0(980)
transitions were determined as a result of those experi-
ments:
ξfa =
BR(J/ψ → φf0(980)→ φa00(980)→ φηπ0)
BR(J/ψ → φf0(980)→ φππ)
= (0.60± 0.20(stat.)± 0.12(sys.)± 0.26(para.))%, (34)
ξaf =
BR(χc1 → a00(980)π0 → f0(980)π0 → π+π−π0)
BR(χc1 → a00(980)π0 → ηπ0π0)
= (0.31± 0.16(stat.)± 0.14(sys.)± 0.03(para.))%, (35)
where the abbreviations stat., syst., and param. mean
statistical, systematic, and parameterization-related er-
rors. The values of the denominators in (34) and (35)
where respectively taken from [96] and [144, 145].
Enhancing the accuracy of the data in (34) and (35)
obtained by the BESIII collaboration in the first exper-
iments for reactions (25) and (26) is an interesting and
challenging task.
4.3. Data analysis
10
Some specific values of the couplings to the ππ, KK¯, and
ηπ decay channels are typically used in standard calcula-
tions related to f0(980) and a0(980) resonances. We first
quote the estimates for these constants obtained in [95]
directly from the BES III data [96] on a00(980)− f0(980)
mixing and then proceed to discussing the unexpected
consequences of the VES data [122].
Because the a00(980)− f0(980) mixing is primarily de-
termined by the contribution of the KK¯ loops, we set
ξfa =
BR(f0(980)→ KK¯ → a00(980)→ ηπ0)
BR(f0(980)→ ππ) , (36)
ξaf =
BR(a00(980)→ KK¯ → f0(980)→ π+π−)
BR(a00(980)→ ηπ0)
, (37)
where
BR(f0(980)→ KK¯ → a00(980)→ ηπ0)
=
∫ ∣∣∣Ga0
0
f0(m)
∣∣∣2 2m2Γa00→ηpi0(m)
π
dm, (38)
BR(a00(980)→ KK¯ → f0(980)→ π+π−)
=
∫ ∣∣∣Ga0
0
f0(m)
∣∣∣2 2m2Γf0→pi+pi−(m)
π
dm, (39)
BR(a00(980)→ ηπ0) =
∫
2m2Γa0
0
→ηpi0(m)
π|Da0
0
(m)|2 dm, (40)
BR(f0(980)→ ππ) =
∫
2m2Γf0→pipi(m)
π|Df0(m)|2
dm, (41)
[see also Eqns (4)–(9)]. 3
Substituting the central values of ξfa and ξaf from (34)
and (35) in the left-hand sides of Eqns (36) and (37), we
obtain equations for the coupling constants of a00(980)
and f0(980) resonances, which must be solved numeri-
cally. Proceeding in this way, we found the following
approximate values in [95]:
g2f0pipi
16π
≡ 3
2
g2f0pi+pi−
16π
= 0.098 GeV2, (42)
3 In passing from (34) and (35) to (36) and (37), we disre-
gard the dependence of the kinematic factors contained in the
J/ψ → φf0(980) and χc1 → a00(980)pi0 vertices on the invariant
virtual masses of scalar mesons, because it is not significant in the
decays of heavy J/ψ(3097) and χc1(3511) resonances. The values
of the virtual masses were taken to be those of the scalar mesons.
The corresponding kinematic factors in the equations above sim-
ply drop out under this approximation. We also disregard the in-
terference of the contributions to the χc1 → a00(980)pi0 → ηpi0pi0
decay related to the permutation of identical pi0 mesons. This
interference is small because the relative momenta of the a00(980)
and pi0 mesons in the decay χc1(3510)→ a00(980)pi0 are large.
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Figure 6: Mass spectra in isospin-conserving decays of f0(980)
and a00(980) resonances.
g2
f0KK¯
16π
≡ 2
g2f0K+K−
16π
= 0.4 GeV2, (43)
g2
a0
0
ηpi0
16π
= 0.2 GeV2, (44)
g2
a0
0
KK¯
16π
≡ 2
g2
a0
0
K+K−
16π
= 0.5 GeV2. (45)
The masses of a00(980) and f0(980) resonances, ma0
0
=
0.985 GeV and mf0 = 0.985 GeV, were kept fixed in
this procedure, and for the constants of their coupling
to the η ′π0 and ηη channels we used the relations that
follow from the q2q¯2 model: g2
a0
0
η′pi0
= g2
a0
0
ηpi0
and g2f0ηη =
g2f0K+K− (see, e.g., [3, 18]). Integration in (38) and (39)
included the region from 0.9 GeV to 1.05 GeV (see Fig.
3) and, in (40) and (41), from the respective ηπ0 and ππ
threshold to 1.3 GeV.
These are the values of the constants that we used in
Section 2 to obtain the absolute value of the a00(980) −
f0(980) transition in Fig. 2, the mass spectra for isospin-
violating decays of f0(980) and a
0
0(980) resonances in Fig.
3, and estimates (3), (10), and (11). The mass spectra
of the isospin-preserving decays of f0(980) and a
0
0(980)
resonances as a function of m calculated for the obtained
values of the constants are displayed in Fig. 6. The
curves plotted there represent the integrands in (40) and
(41) and similar expressions for the mass spectra in the
decays into KK¯. There is nothing special in these spec-
tra.
There are many studies in which the constants of the
f0(980) and a0(980) coupling to the ππ, KK¯, and ηπ
channels have been calculated, estimated, and deter-
mined by fitting (see, e.g., [2, 3, 12–15, 18, 43, 58, 67, 97,
104, 105, 123, 124], this list is far from complete). The
obtained values of the constants are dispersed in a rather
broad range. The values of the constants determined in
different ways and from various reactions often disagree
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by a factor of two and sometimes even more. The values
in (42)–(45) fall somewhere in the middle of the range
of those available in the literature; in our opinion, it is
natural to use them as a guide in making estimates.
As regards the decay f1(1285) → f0(980)π0 →
π+π−π0, the VES data [122] [see (33)] require a ‘huge’
a00(980)− f0(980) mixing:
BR(f1(1285)→ a00(980)π0 → f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
= (2.5± 0.9)%
≈ BR(a
0
0(980)→ KK¯ → f0(980)→ π+π−)
BR(a00(980)→ ηπ0)
(46)
[compare (46) with (35) and (37)] and, as a consequence,
the constants of the f0(980) and a
0
0(980) resonance cou-
pling to pseudoscalar mesons that are unsatisfactory in
many aspects:
g2f0pipi
16π
≡ 3
2
g2f0pi+pi−
16π
= 0.46 GeV2, (47)
g2
f0KK¯
16π
≡ 2
g2f0K+K−
16π
= 2.87 GeV2, (48)
g2
a0
0
ηpi0
16π
= 0.48 GeV2, (49)
g2
a0
0
KK¯
16π
≡ 2
g2a0
0
K+K−
16π
= 4.97 GeV2. (50)
For example, due to the very large values of g2
f0KK¯
/(16π)
and g2
a0
0
KK¯
/(16π) in (48) and (50), the width of the
a00(980) resonance in the ηπ
0 mass spectrum only proves
to be about 15 MeV, and the value of ξaf calculated us-
ing Eqn (37) is about nine times larger than its central
experimental value in (35).
The ratio
BR(f1(1285)→ a00(980)π0 → f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
calculated using the set of constants in (42)–(45) is [95] 4
BR(f1(1285)→ a00(980)π0 → f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
≈ 0.29%. (51)
This ratio is close to the central value of ξaf in (35);
however, it is approximately one order of magnitude
4 Because the f1(1285) resonance, whose mass is mf1 = (1281.9±
0.5) MeV [9], is located only 160 MeV higher than the nominal
a0(980)pi-production threshold, the calculations took both the
P -wave character of the f1(1285) → a0(980)pi decays and the
interference of two amplitudes in the f1(1285) → a0(980)pi →
ηpipi channel into account. More details can be found in Section
5.
smaller than the value required to explain the VES data
[122] [see (33)]. Thus, we can conclude that the VES
collaboration [122] has discovered a significant viola-
tion of isotopic symmetry in the region of a00(980) and
f0(980) resonances, which can hardly be explained by
the a00(980)− f0(980) mixing alone.
In Section 5, following experimental indications,
we consider additional KK¯-loop mechanisms of the
f1(1285) → f0(980)π0 → π+π−π0 decay that are due,
similarly to the a00(980) − f0(980) mixing, to the mass
difference of K+- and K0 mesons. We also use the de-
cay f1(1285) → f0(980)π0 → π+π−π0 to demonstrate
the general approach to estimating the total contribu-
tion of the KK¯-loop mechanisms that violate isotopic
invariance.
5. Strong violation of isotopic invariance
according to BESIII data for the reactions
J/ψ → φf1(1285) → φf0(980)pi
0 → φ 3pi
and J/ψ → γη(1405) → γf0(980)pi
0 →
γ 3pi
5.1. Mechanisms of f1(1285)→ f0(980)pi
0 → 3pi
decay
After the VES experiment [122] had been completed, the
isospin-violating decay f1(1285)→ π+π−π0 was also ob-
served by the BESIII collaboration [134] in the reaction
J/ψ → φf1(1285) → φf0(980)π0 → φ 3π. The experi-
ment yielded the branching function ratio
BR(f1(1285)→ f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
= (3.6± 1.4)% (52)
It was also indicated that a specific feature of the
f1(1285) → π+π−π0 transition is that the π+π− mass
spectrum is dominated by a narrow resonance structure
located in the region of KK¯ thresholds.
Another indication of the decay f1(1285)/η(1295) →
π+π−π0 came from the BESIII experiment [125] com-
bined with data on the reaction J/ψ → γη(1405) →
γf0(980)π
0 → γ 3π. If it is considered to be due to
f1(1285) alone, we obtain
BR(f1(1285)→ f0(980)π0 → π+π−π0)
BR(f1(1285)→ a00(980)π0 → ηπ0π0)
= (1.3± 0.7)%. (53)
Thus, according to data from the first experiments (33),
(52), and (53), the ratio of the isospin-forbidden de-
cay f1(1285) → f0(980)π0 → π+π−π0 and the isospin-
allowed decay f1(1285)→ a00(980)π0 → ηπ0π0 can be as
large as one to four percent. This value is too high for a
quantity that is apparently expected to be of the order of
10−4. The data rather convincingly suggest the existence
of mechanisms that enhance the f1(1285)→ π+π−π0 de-
cay. Nevertheless, they still need to be confirmed. Be-
low, in comparing theoretical estimates with experimen-
tal data, for certainty we use the VES data [122] [see
(33)] as mean values.
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Figure 7: Diagrams corresponding to the possible KK¯-loop
mechanisms of the decay f1(1285) → f0(980)pi0 → pi+pi−pi0.
We now proceed to estimating the contribution of the
following possible KK¯-loop mechanisms to the decay
f1(1285)→ f0(980)π0 → π+π−π0 in detail:
(1) the a00(980) − f0(980) mixing, f1(1285) →
a0(980)π
0 → (K+K− + K0K¯0)π0 → f0(980)π0 →
π+π−π0;
(2) the transition f1(1285)→ (K+K− +K0K¯0)π0 →
f0(980)π
0 → π+π−π0, which is due to the pointlike
f1(1285)→ KK¯π0 decay;
(3) the transition f1(1285) → (K∗K¯ + K¯∗K) →
(K+K− + K0K¯0)π0 → f0(980)π0 → π+π−π0, where
K∗ = K∗(892);
(4) the transition f1(1285) → (K∗0 K¯ + K¯∗0K) →
(K+K− + K0K¯0)π0 → f0(980) → π+π−π0, where
K∗0 = K
∗
0 (800) (or κ) and K
∗
0 (1430).
Figure 7 illustrates the specified mechanisms in terms
of respective diagrams (1)–(4). The f1(1285 meson first
decays within each of these mechanisms into KK¯π0
(according to the data in [9], the decay f1(1285) →
KK¯π into all charge modes occurs in about 9% of
cases). Next, owing to the final-state interaction be-
tween K and K¯ mesons, i.e., the transitions K+K− →
f0(980) → π+π− and K0K¯0 → f0(980) → π+π−,
the isospin-violating decay f1(1285) → (K+K− +
K0K¯0)π0→ f0(980)π0→π+π−π0 is initiated (see Fig.
7). This occurs because the contributions from the pro-
duction of K+K− and K0K¯0 pairs fail to fully can-
cel each other due to the mass difference between K+
and K0 mesons. This mutual compensation is natu-
rally minimal in the m region between the K+K− and
K0K¯0 thresholds. Regardless of the specific mechanism
of KK¯-pair production, this results in the emergence in
the π+π− mass spectrum of a narrow resonance struc-
ture located in the vicinity of the KK¯ thresholds, with
the width ≈ 2mK0 − 2mK+ ≈ 8 MeV. Observing this
structure in an experiment would be a direct indication
of the generalKK¯-loop mechanism in isotopic invariance
violation.
(1) The main estimate that characterizes the contribu-
tion of a00(980)−f0(980) mixing to the decay f1(1285)→
f0(980)π
0 → π+π−π0 is already presented in Eqn (51)
(see also the discussion that follows the formula), and we
only elucidate some details of that calculation [95].
First, we present the expression for the width of the
f1(1285)→ a00(980)π0 → ηπ0π0 decay:
Γf1→a00pi0→ηpi0pi0
=
g2
f1a00pi
0g
2
a0
0
ηpi0
192 π3m3f1
(mf1−mpi)
2∫
(mη+mpi)2
ds
a+(s)∫
a−(s)
dt T (s, t), (54)
where s (t) is the invariant mass squared of the ηπ01 (ηπ
0
2)
pair in the decay f1(1285)→ ηπ01π02 ,
T (s, t) = p
2(s)
|Da0
0
(
√
s)|2 +Re
p(s) p(t) cos θ
Da0
0
(
√
s)D∗
a0
0
(
√
t)
, (55)
a±(s) =
1
2
(m2f1 +m
2
η + 2m
2
pi − s)
+
(m2f1 −m2pi)(m2η −m2pi)
2s
± 2mf1√
s
p(s)q(s) , (56)
p(s) =
√
m4f1 − 2m2f1(s+m2pi) + (s−m2pi)2
/
(2mf1),(57)
p(t) =
√
m4f1 − 2m2f1(t+m2pi) + (t−m2pi)2
/
(2mf1),(58)
q(s) =
√
s2 − 2s(m2η +m2pi) + (m2η −m2pi)2
/
(2
√
s), (59)
p(s) p(t) cos θ =
1
2
(s+ t−m2f1 −m2η)
+
(m2f1 +m
2
pi − s)(m2f1 +m2pi − t)
4m2f1
. (60)
As an effective vertex of the f1(1285)a
0
0(980)π
0 coupling,
we here used the expression Vf1a00pi0 = gf1a00pi0(ǫf1 , ppi0 −
pa0
0
), where ǫf1 is the f1(1285) polarization 4-vector
and ppi0 and pa0
0
are the 4-momenta of π0 and a00(980).
If isotopic invariance holds, then Γf1→a00pi0→ηpi0pi0 =
Γf1→a0pi→ηpipi/3.
Similarly, we have the width of the f1(1285) →
a0(980)π
0 → KK¯π decay
Γf1→a0pi→KK¯pi = 6Γf1→a00pi0→K+K−pi0
=
g2
f1a00pi
0
πm2f1
mf1−mpi0∫
2m
K+
p3(m2)
2m2Γa0
0
→K+K−(m)
π|Da0
0
(m)|2 dm .(61)
The width of the decay f1(1285) → a00(980)π0 →
f0(980)π
0 → π+π−π0 due to the a00(980)− f0(980) mix-
ing (see diagram (1) in Fig. 7) is
Γf1→a00pi0→f0pi0→pi+pi−pi0 =
g2
f1a00pi
0
6πm2f1
×
1.05 GeV∫
0.9 GeV
∣∣∣Ga0
0
f0(m)
∣∣∣2 p3(m2) 2m2Γf0→pi+pi−(m)
π
dm.(62)
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The shape of the π+π− mass spectrum that follows from
the integrand in (62) is virtually undistinguishable from
the curves shown in Fig. 3.
Numerical integration in (54) and (62) yields
Γf1→a00pi0→f0pi0→pi+pi−pi0
Γf1→a00pi0→η pi0pi0
=
BR(f1 → a00(980)π0 → f0(980)π0 → π+π−π0)
BR(f1 → a00(980)π0 → ηπ0π0)
≈ 0.29%. (63)
This result was discussed after Eqn (51). From (54) and
(61), we also obtain
Γf1→a0pi→KK¯pi
Γf1→a0pi→ηpipi
=
BR(f1 → a0(980)π→ KK¯π)
BR(f1 → a0(980)π → ηππ)
≈ 0.11. (64)
It is noteworthy that the PDG data [9] for the ratio
BR(f1 → KK¯π)
BR(f1 → a0(980)π → ηππ) ≈ 0.25± 0.05 (65)
are not in disagreement with (64) and indicate that the
transition f1(1285)→ a0(980)π→ KK¯π may not be the
single source of the f1(1285)→ KK¯π decay.
(2) A detailed calculation for the transition f1(1285)→
(K+K− + K0K¯0)π0 → f0(980)π0 → π+π−π0, which
is due to the pointlike decay f1(1285) → KK¯π0 (see
diagram (2) in Fig. 7), yields [95]
Γf1→(K+K−+K0K¯0)pi0→f0pi0→pi+pi−pi0
Γf1→KK¯pi
≈ 0.0022 . (66)
This result is almost 15 times smaller than the corre-
sponding experimental value
BR(f1(1285)→ f0(980)π0 → π+π−π0)
BR(f1(1285)→ KK¯π)
= 0.033± 0.010 , (67)
(which contains a significant error, however) following
from the VES [122] [see (32)] and PDG [9] data.
The π+π− mass spectrum in the decay f1(1285) →
(K+K− + K0K¯0)π0 → f0(980)π0 → π+π−π0 is, for
this mechanism, similar to the curves in Fig. 3. It is
clear, however, that the pointlike mechanism of the decay
f1(1285)→ KK¯π cannot per se yield a significant prob-
ability of the decay f1(1285)→ f0(980)π0 → π+π−π0.
(3) We now proceed to discussing the mechanism of
the decay f1(1285) → (K∗K¯ + K¯∗K) → (K+K− +
K0K¯0)π0 → f0(980)π0 → π+π−π0 [where K∗ =
K∗(892)] induced by diagram (3) in Fig. 7.
The widths of the decays Γ(f1(1285) → (K∗K¯ +
K¯∗K) → KK¯π) and Γ(f1(1285) → (K∗K¯ + K¯∗K) →
(K+K− + K0K¯0)π0 → f0(980)π0 → π+π−π0) are de-
scribed in this case by simple but rather cumbersome
formulas. We do not present them here (the interested
reader can find them in [95]), but only briefly discuss
the assumptions made in the calculations and report the
calculation results.
Figure 8 shows a diagram that corresponds to the tran-
sition f1(1285) → (K∗K¯ + K¯∗K) → KK¯π (the cap-
tion to Fig. 8 specifies the notation for the particles
involved in the decay.) The f1(1285) → K∗K¯ vertex
is generically determined by two independent effective
coupling constants. Given today’s state of experimental
data, the general structure of this vertex is de facto un-
known. Therefore, for certainty, we limit our approach
to a partial expression (in the spirit of effective chiral
Lagrangians [146–148]) of the form
Vf1K∗K¯ = gf1K∗K¯F
(f1)
µν F
(K∗)µν , (68)
where F
(f1)
µν = p1µǫf1ν − p1νǫf1µ, F (K
∗)
µν = k1µǫK∗ν −
k1νǫK∗µ, ǫf1 and ǫK∗ are the respective polarization 4-
vectors of f1(1285) and K
∗ mesons. It is noteworthy
f1(1285)
pi
K∗(K¯∗)
K¯(K)
K(K¯)
Figure 8: Diagram of the decay f1(1285) → (K∗K¯+K¯∗K)→
KK¯pi. The respective 4-momenta of f1(1285), K (K¯), K
∗
(K¯∗), and pi are p1, pK (pK¯), k1 (k2), and ppi.
that the K∗ resonance produced as a result of such a
transverse interaction carries spin 1 off the mass shell.
The amplitude of the K∗ → Kπ decay is
VK∗Kpi = gK∗Kpi(ǫK∗ , ppi − pK) , (69)
where gK∗+K+pi0 = −gK¯∗0K¯0pi0 and gK∗+K0pi+ =√
2gK∗+K+pi0 . Similar formulas hold for the decays
f1(1285)→ K¯∗K and K¯∗ → K¯π.
As follows from Eqns (68) and (69), the product of
the vertices in the amplitude corresponding to diagram
(3) in Fig. 7 is of the third power in momenta. How-
ever, two momenta of the three are the momenta of
external particles, and therefore the diagram converges.
We note that this diagram in the physical region of the
f1(1285)→ f0(980)π0 → π+π−π0 decay does not contain
the logarithmic (triangular) singularity (all three parti-
cles in the loop cannot be on the mass shell simultane-
ously) 5 As a result, the nonzero width of the K∗(892)
resonance affects the calculation of
Γ(f1(1285)→ (K∗K¯ + K¯∗K)→ KK¯π)
5 Indeed, the invariant mass of the Kpi pair (k21)
1/2 in the decay
f1(1285) → KK¯pi ranges from 629 MeV to 788 MeV, while the
mass of the K∗ resonance is mK∗ ≈ 895 MeV and its decay
width is ΓK∗ ≈ 50 MeV.
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Figure 9: The pi+pi− mass spectrum in the decay f1(1285) →
(K∗K¯ + K¯∗K) → (K+K− + K0K¯0)pi0 → f0(980)pi0 →
pi+pi−pi0.
and
Γ(f1(1285)→ (K∗K¯ + K¯∗K)→ (K+K− +K0K¯0)π0
→ f0(980)π0 → π+π−π0)
in a negligible way.
In obtaining numerical estimates in [95], the contribu-
tion to the propagator 1/DK∗(k
2
1(2)) = 1/(m
2
K∗ − k21(2)−
imK∗ΓK∗) proportional to ΓK∗ was simply ignored.
Figure 9 shows the π+π− mass spectrum that corre-
sponds to the mechanism of the transition f1(1285) →
(K∗K¯ + K¯∗K) → (K+K− +K0K¯0)π0 → f0(980)π0 →
π+π−π0 [95]. Its shape is virtually the same as the π+π−
mass spectrum for a00(980)− f0(980) mixing displayed in
Fig. 3. Using the f1(1285) decay width corresponding
to the diagram in Fig. 8 and diagram (3) in Fig. 7, we
integrate numerically to obtain [95]
Γf1→(K∗K¯+K¯∗K)→KK¯pi =
g2f1K∗+K−g
2
K∗+K+pi0
4 π3
× 0.976 × 10−2GeV3 , (70)
Γf1→f0pi0→pi+pi−pi0 =
g2f1K∗+K−g
2
K∗+K+pi0
4 π3
× 0.277 × 10−4GeV3 . (71)
The ratio of these values is
Γf1→f0pi0→pi+pi−pi0
Γf1→(K∗K¯+K¯∗K)→KK¯pi
=
BR(f1 → f0π0 → π+π−π0)
BR(f1 → (K∗K¯ + K¯∗K)→ KK¯π)
= 0.284 × 10−2 . (72)
Using this value and assuming that the entire value of
BR(f1 → KK¯π) = (9.0 ± 0.4)% [9] is due to the f1 →
(K∗K¯+K¯∗K)→ KK¯π decay mode, we obtain the upper
estimate
BR(f1 → f0π0 → π+π−π0) ≈ 0.255 × 10−3 . (73)
This result is approximately 12 times smaller than
the central experimental value (32) obtained by VES.
Therefore, the single transition mechanism f1(1285) →
(K∗K¯ + K¯∗K) → (K+K− +K0K¯0)π0 → f0(980)π0 →
π+π−π0 is apparently insufficient for understanding the
experimental results.
(4) Finally, we consider the f1(1285) → (K∗0 K¯ +
K¯∗0K) → (K+K− +K0K¯0)π0 → f0(980)π0 → π+π−π0
decay mechanism, which involves the scalar K∗0 meson.
This mechanism is represented by diagram (4) in Fig. 7.
The version where the role of K∗0 would be played by
the existing resonance K∗0 (800) (or κ) [9] should be dis-
regarded. The point is that for the κ resonance with a
mass mκ <∼ 800 MeV and width Γκ ≈ 400−550 MeV [9],
the shapes of the Kπ and KK¯ mass spectra in the decay
f1(1285) → (κK¯ + κ¯K) → KK¯π are literally opposite
to those observed in experiment [149–151]. According to
the data on the f1(1285) → KK¯π decay [9, 149–151],
a significant bump near the KK¯ threshold is observed
in the KK¯ spectrum, and a significant bump in the Kπ
spectrum is observed near its upper edge, i.e., close to
mf1 −mK ≈ 788 MeV. This picture agrees well with the
f1(1285) → a0(980)π → KK¯π decay mechanism and is
consistent with the f1(1285)→ (K∗K¯ + K¯∗K)→ KK¯π
mechanism. However, the f1(1285) → (κK¯ + κ¯K) →
KK¯π mechanism generates a bump near the upper end
of the KK¯ spectrum, i.e., close to mf1−mpi ≈ 1147 MeV
and a bump in the Kπ spectrum near its threshold. This
mechanism obviously cannot be responsible for any sig-
nificant contribution to the f1(1285)→ KK¯π decay. We
are also unable to suggest any special enhancement of
the f1(1285)→ f0(980)π0 → π+π−π0 decay due to that
mechanism.
If the mass of the K∗0 resonance is increased (moved
away from theKπ threshold,mK+mpi ≈ 0.629 GeV), the
disagreement with the data on the KK¯ and Kπ spectra
gradually decreases. The resonance K∗0 (1430) with the
mass mK∗
0
≈ 1425 MeV and width ΓK∗
0
≈ 270 MeV [9]
can be considered a candidate responsible for the decays
f1(1285) → (K∗0 K¯ + K¯∗0K) → KK¯π and f1(1285) →
(K∗0 K¯ + K¯
∗
0K) → (K+K− +K0K¯0)π0 → f0(980)π0 →
π+π−π0. It is then quite natural that the π+π− mass
spectrum in the decay f1(1285) → (K∗0 K¯ + K¯∗0K) →
(K+K− +K0K¯0)π0 → f0(980)π0 → π+π−π0 is similar
to the π+π− mass spectra in Figs 3 and 9. The calculated
ratio of the decay widths corresponding to the mechanism
involving the K∗0 (1430) resonance is [95]
Γf1→f0pi0→pi+pi−pi0
Γf1→(K∗0 K¯+K¯∗0K)→KK¯pi
=
BR(f1 → f0π0 → π+π−π0)
BR(f1 → (K∗0 K¯ + K¯∗0K)→ KK¯π)
= 0.271 × 10−2 . (74)
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Because estimate (74) virtually coincides with (72), the
conclusions regarding BR(f1 → f0π0 → π+π−π0) that
follow Eqn (72) hold in this case as well. Thus, the tran-
sition mechanism
f1(1285)→ (K∗0 K¯ + K¯∗0K)→ (K+K− +K0K¯0)π0
→ f0(980)π0 → π+π−π0
cannot per se explain the experimental data.
Summarizing, we have considered four possible mecha-
nisms of the isospin-violating decay f1(1285)→ π+π−π0.
The conclusions we draw from the obtained estimates
are as follows. The experimental data can hardly be ex-
plained by any of the considered mechanisms. On the
other hand, the common feature of these mechanisms is
that in each of them the π+π− mass spectrum in the
f1(1285) → π+π−π0 decay is concentrated between the
K+K− and K0K¯0 thresholds due to the KK¯-loop char-
acter of isotopic symmetry violation. The considered
mechanisms are obviously a basis of the isospin violation
in the f1(1285) → π+π−π0 decay; however, the situa-
tion requires further elucidation. For example, it is still
difficult to answer the question whether the significant
probability of the f1(1285)→ π+π−π0 decay can be ex-
plained by the joint action of the described mechanisms.
Significant experimental efforts are needed to remove un-
certainties in the currently available data (for example,
it is desirable to measure different modes of the f1(1285)
decay concurrently at the same facility and identify the
mechanisms of the f1(1285) decay into ηππ and KK¯π
more accurately). Because data on the probability of the
f1(1285) → π+π−π0 decay vary in a broad range [com-
pare (33), (52), and (53)], an improvement in the accu-
racy of these data is a challenging and important task.
5.2. Consistency condition
We use the decay f1(1285) → f0(980)π0 → π+π−π0
as an example to discuss a more general approach to
estimating the contribution from the KK¯-loop mech-
anisms of isotopic invariance violation. We formulate
it as a consistency requirement for data on the decays
f1(1285)→ π+π−π0 and f1(1285)→ KK¯π based on the
concept that isotopic invariance is violated due to the
mass difference between K+ and K0 mesons.
We consider the diagrams shown in Figs 10 and 11.
If f1(1285) decays into KK¯π (this occurs, as was noted
above, in approximately 9% of cases [9]), then, due to
final-state interaction between K and K¯ mesons, i.e.,
transitions K+K− → f0(980) → π+π− and K0K¯0 →
f0(980)→ π+π−, the isospin-violating decay f1(1285)→
(K+K− + K0K¯0)π0→ f0(980)π0→π+π−π0 is induced
(see Fig. 11). Regardless of the specific mechanism
of KK¯-pair production, this results, as has been shown
above, in the emergence in the π+π− mass spectrum of
a narrow resonance structure with a width ≈ 2mK0 −
2mK+ ≈ 8 MeV, located in the region of KK¯ thresh-
olds. Observing this structure experimentally would be
a direct indication of the general KK¯-loop nature of the
f1(1285)
pi
K¯
K
Figure 10: Diagram of the decay f1(1285) → KK¯pi.
f1(1285)
pi0
K+ (K0)
K− (K¯0)
f0(980) pi+
pi−
Figure 11: Diagram corresponding to the combined contri-
bution of all possible KK¯-loop mechanisms resulting in the
decay f1(1285) → (K+K− + K0K¯0)pi0 → f0(980)pi0 →
pi+pi−pi0.
mechanisms responsible for isotopic invariance violation.
We expand the isospin-violating amplitude
Mf1→f0pi0(s) near the KK¯ thresholds in a power
series in ρKK¯(m) =
√
1− 4m2K/m2:
Mf1(1285)→f0(980)pi0(m) = gf0K+K− {A(m)
×i[ρK+K−(m)− ρK0K¯0(m)] +B(m)[ρ2K+K−(m)
−ρ2
K0K¯0
(m)] + O[ρ3K+K−(m)− ρ3K0K¯0(m)] + · · · } . (75)
With good accuracy,
Mf1(1285)→f0(980)pi0(m) = gf0K+K−A(m)
×i[ρK+K−(m)− ρK0K¯0(m)]. (76)
The amplitude A(m) contains information about all pos-
sible production mechanisms of the KK¯ system with the
isospin I = 1 in the S-wave in the process f1(1285) →
KK¯π.
Data on the decay f1(1285) → f0(980)π0 → π+π−π0
can be used to extract information about |A(m)|2 in the
region of K+K− and K0K¯0 thresholds:
dΓf1(1285)→f0(980)pi0→pi+pi−pi0(m)
dm
=
1
16π
|Mf1(1285)→f0(980)pi0(m)|2
16
×p3(m) 2m
2Γf0→pi+pi−(m)
π|Df0(m)|2
, (77)
where
p(m) =
[m4f1 − 2m2f1(m2 +m2pi) + (m2 −m2pi)2]1/2
2mf1
.(78)
Information about |A(m)|2 at m > 2mK can also be
obtained from data on the KK¯ mass spectra measured
in the f1(1285) → KK¯π decay. Unfortunately, data on
those spectra are still rather scant [149–151]. But in the
case of large statistics and good resolution in the invari-
ant mass of the KK¯ system, a straightforward scheme
for obtaining data about |A(m)|2 atm above theK+K−,
K0K¯0, or K±K0S threshold could be as follows.
The KK¯ system in the f1(1285) → KK¯π decay (see
Fig. 10) is generated predominantly in the S-wave due to
the very restricted phase volume available for it (2mK <
m < 2mK + 150 MeV). Then, for example, the K
+K−
mass spectrum in the decay f1(1285) → K+K−π0 can
be represented in the form
dΓf1(1285)→K+K−pi0(m)
dm
=
2m
π
ρK+K−(m) p
3(m) |A(m)|2 . (79)
By approximating data on dΓf1→K+K−pi0(m)/dm, we
can determine the function |A(m)|2 and use its value
|A(2mK+)|2 at the K+K− threshold (which cer-
tainly corresponds to the contribution of the S-wave
alone) to derive the following approximate estimate for
Γf1→f0pi0→pi+pi−pi0 [95]:
Γf1→f0pi0→pi+pi−pi0 =
∫
dΓf1→f0pi0→pi+pi−pi0(m)
dm
dm
= |A(2mK+)|2
∫
|ρK+K−(m)− ρK0K¯0(m)|2
×p3(m)
g2f0K+K−
16π
2m2Γf0→pi+pi−(m)
π|Df0(m)|2
dm
≈ |A(2mK+)|2 2.59× 10−6GeV5. (80)
A comparison of this estimate with data on f1(1285)→
π+π−π0 decay enables checking their consistency with
the data on the f1(1285)→ KK¯π decay and the concept
of isotopic invariance violation due to the mass difference
between K+ and K0 mesons.
The considered approach can also be used to obtain
estimates for other decays of the same type.
If the isospin-violating amplitude contains logarithmic
singularities near the KK¯ thresholds in the physical re-
gion of kinematic variables (as is the case, for example,
in the decay η(1405) → (K∗K¯ + K¯∗K) → (K+K− +
K0K¯0)π0 → f0(980)π0 → π+π−π0, which we discuss
below), its structure at m ≈ 2mK is more involved than
expression (75). The amplitude near the singularities
cannot be straightforwardly expanded in ρKK¯(m), and
a simple consistency condition such as that in (80) can-
not be obtained. However, the π+π− mass spectrum in
the decay η(1405)→ π+π−π0 is also concentrated in the
region between the K+K− and K0K¯0 thresholds, and
therefore effectively corresponds to the shape character-
istic of the KK¯-loop mechanism of isotopic invariance
violation [135].
5.3. KK¯-loop mechanism of isotopic invariance
violation in the decay η(1405)→ f0(980)pi
0→ 3pi
and the role of anomalous Landau thresholds
In 2012, the BESIII collaboration measured the decays
J/ψ → γπ+π−π0 and J/ψ → γπ0π0π0 and found a
resonance peak about 50 MeV wide in the three-pion
mass spectra around 1.4 GeV [125]. The corresponding
π+π− and π0π0 mass spectra in the 990 MeV range (i.e.,
in the vicinity of K+K− and K0K¯0 thresholds) proved
to contain a narrow structure whose width is about 10
MeV [125]. Thus, the experiment was the first observa-
tion (with a statistical confidence of 10s) of the isospin-
violating decay J/ψ→ γη(1405)→ γf0(980)π0 followed
by the decay f0(980) →π+π−, π0π0. According to the
data in [125],
BR(J/ψ → γη(1405)→ γf0(980)π0 → γπ+π−π0)
= (1.50± 0.11± 0.11)× 10−5 . (81)
Using the PDG data, the BESIII collaboration [125] also
obtained the ratio
BR(η(1405)→ f0(980)π0 → π+π−π0)
BR(η(1405)→ a00(980)π0 → ηπ0π0)
= (17.9± 4.2)% , (82)
whose value virtually precludes an explanation of the
discovered effect of isotopic invariance violation by the
a00(980)− f0(980) mixing. At the same time, the narrow
resonance-like structure discovered in π+π− and π0π0
mass spectra in the decay η(1405)→π+π−π0, π0π0π0 in
the vicinity of the K+K− and K0K¯0 thresholds suggests
that the mechanism responsible for the production of the
f0(980) resonance in the decay η(1405)→ f0(980)π0→ 3π
is similar to that of a00(980) − f0(980) mixing, i.e.,
due to the KK¯-loop transition η(1405)→ (K+K− +
K0K¯0)π0→ f0(980)π0→ 3π, whose amplitude does not
vanish owing to the mass difference between K+ and K0
mesons and has a significant magnitude in the narrow
region between the K+K− and K0K¯0 thresholds.
Comparing the result in (81) obtained by BESIII with
the PDG data [9] for the dominant decay channel J/ψ →
γη(1405/1475)→ γKK¯π,
BR(J/ψ → γη(1405/1475)→ γKK¯π)
= (2.8± 0.6) · 10−3 , (83)
yields
BR(J/ψ → γη(1405)→ γf0(980)π0 → γπ+π−π0)
BR(J/ψ → γη(1405/1475)→ γKK¯π)
= (0.53± 0.13)% . (84)
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p1
p2
p3
η(1405),
pi0,
f0(980),
K∗(K¯∗)
K¯(K)
K(K¯) pi+
pi−
Figure 12: Diagram of the decay η(1405) → (K∗K¯+K¯∗K)→
KK¯pi0 → f0(980)pi0 → pi+pi−pi0. All intermediate particles
in the triangle loop of this diagram in the region of η(1405)
resonance may be on the mass shell. As a result, a logarith-
mic singularity emerges in the imaginary part of the triangle-
diagram amplitude in the case of a hypothetical stable K∗
meson [135, 152–154]. p1, p2, and p3 denote the 4-momenta
of the particle in the reaction; p21 = s1 is the invariant mass
squared of η(1405)-resonance or the final pi+pi−pi0 system;
p22 = s2 is the invariant mass squared of f0(980) or the fi-
nal pi+pi− system; and p23 = m
2
pi0 .
The value of the last ratio is also indicative of a
very large violation of isospin invariance in the decay
η(1405)→ f0(980)π0.
Below, we consider the theoretical possibility of ex-
plaining the strong violation of isotopic invariance in the
decay η(1405) → f0(980)π0 → π+π−π0 by anomalous
Landau thresholds (or logarithmic triangular singulari-
ties) that are present in the amplitude of the transition
η(1405) → (K∗K¯ + K¯∗K) → KK¯π0 → f0(980)π0 →
π+π−π0 (Fig. 12) near the KK¯ thresholds. An attempt
to explain the decay η(1405)→ f0(980)π0 → π+π−π0 in-
voking that mechanism was made in [126–128]. Shortly
after that, we noted that in the calculations, the vec-
tor K∗ meson K∗(892) was considered a stable particle
in the intermediate state; we showed in [135] that tak-
ing its finite width ΓK∗ ≈ ΓK∗→Kpi ≈ 50 MeV into ac-
count smoothes the logarithmic singularities in the ampli-
tude and reduces the calculated probability of the decay
η(1405) → f0(980)π0 → π+π−π0 by a factor of 6 to 8
compared to that with ΓK∗ =0. Also assuming the dom-
inance of the decay η(1405)→ (K∗K¯+ K¯∗K)→ KK¯π0,
we obtained the estimate [135]
BR(J/ψ → γη(1405)→ γf0(980)π0 → γπ+π−π0)
≈ 1.12 · 10−5 , (85)
which agrees with the BESIII data [125] quoted in (81)
reasonably well.
To show the effect of theK∗-meson width on the calcu-
lation of the isospin-violating diagram displayed in Fig.
12 in the most transparent way, we ignore the spin ef-
fects, which only make the intermediate calculations sig-
nificantly more complicated [135], having actually no ef-
fect whatsoever on the final result [155] (i.e., we treat K∗
as a spinless particle in what follows). 6
For the amplitude of the triangle loop in Fig. 12, we
introduce the notation
T = 2
g1g2g3
16π
[F+(s1, s2)− F0(s1, s2)] , (86)
where g1, g2, and g3 are the coupling constants at the
vertices (which are assumed to be the same for charged
and neutral channels), the amplitudes F+(s1, s2) and
F0(s1, s2) describe the respective contributions of the
charged and neutral intermediate states, and the factor 2
appears because there are two such contributions. We re-
late the isospin violation in the considered diagram only
to the difference in mass between charged and neutral
K mesons and set mK∗+ = mK∗0 = 0.8955 GeV. The
amplitude F+ ≡ F+(s1, s2) is given by
F+ =
i
π3
∫
d4k
D1D2D3
, (87)
whereD1 = (k
2−m2K∗++iε), D2 = ((p1−k)2−m2K−+iε),
and D3 = ((k−p3)2−m2K+ + iε) are inverse propagators
of loop particles. The imaginary part of F+ in the region
s1 ≥ (mK∗+ + mK+)2 and s2 ≥ 4m2K+ consists of the
imaginary part due to the discontinuity on the K∗+K−
cut in the variable s1 and the imaginary part due to the
discontinuity on the K+K− cut in the variable s2:
ImF+ = ImF
(K∗+K−)
+ + ImF
(K+K−)
+ , (88)
ImF
(K∗+K−)
+ =
1√
∆
ln
[
α+ +
√
∆δ+
α+ −
√
∆δ+
]
, (89)
ImF
(K+K−)
+ =
1√
∆
ln
[
α′+ +
√
∆δ′+
α′+ −
√
∆δ′+
]
, (90)
where
∆ = s21 − 2s1(s2 +m2pi0) + (s2 −m2pi0)2, (91)
α+ = s
2
1 − s1(s2 +m2pi0 +m2K∗+ −m2K+)
+(s2 −m2pi0)(m2K+ −m2K∗+), (92)
δ+ = s
2
1 − 2s1(m2K∗+ +m2K+) + (m2K∗+ −m2K+)2, (93)
α′+ = s2(s2 − s1 −m2pi0 − 2m2K+ + 2m2K∗+), (94)
δ′+ = s2(s2 − 4m2K+). (95)
6 We note that convergence or divergence of both the triangle
diagram and the KK¯ loops in the case of the a00(980) →
(K+K− +K0K¯0)→ f0(980) transition does not have any rela-
tion to the effect of isospin violation under consideration. The
total of the subtraction constants for the contributions from
charged and neutral intermediate states to the dispersion rela-
tion for the isospin-violating amplitude has a natural order of
smallness ∼ (mK0 −mK+ ) and cannot be responsible for the en-
hanced symmetry violation in a narrow region near the K+K−
and K0K¯0 thresholds.
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Figure 13: Solid curves in the (
√
s2 ,
√
s1 ) plane show the lo-
cation of the logarithmic singularity in the imaginary part of
the triangle diagram (see Fig. 12) that corresponds to the
contributions of the K∗+K− and K∗0K¯0 intermediate states.
The dotted vertical lines show the K+K− and K0K¯0 thresh-
olds in the variable
√
s2 (i.e., its value 2mK+ = 0.987354 GeV
and 2mK0 = 0.995344 GeV). The dotted horizontal lines show
the values of the variable
√
s1 1.404, 1.440, and 1.497 GeV.
For 1.404 <
√
s1 < 1.497 GeV, the logarithmic singularity
is located in the case of the K∗+K− intermediate state at a
value of
√
s2 between the K
+K− and K0K¯0 thresholds, while
in the case of the K∗0K¯0 intermediate state, its distance from
the K0K¯0 thresholds is no more than 6 MeV. The singulari-
ties touch the KK¯ thresholds at approximately
√
s1 = 1.440
GeV.
Replacing the index + of the functions in (87)–(95) with
the index 0 and masses of charged intermediate parti-
cles with masses of their neutral counterparts, we ob-
tain everything necessary for describing the amplitude
F0 ≡ F0(s1, s2).
A specific feature of the considered case is that all in-
termediate particles in the triangle diagram in Fig. 12
can be on the mass shell in the region of the η(1405)
resonance. This situation occurs for the values of the
kinematic variables s1 and s2 related to each other as
α+,0 = ±
√
∆δ+,0 (96)
or equivalently
α′+,0 = ±
√
∆δ′+,0. (97)
Therefore, in the hypothetical case of a stable K∗ meson,
the imaginary part of this triangle diagram contains a
logarithmic singularity [135, 152–154]. Figure 13 shows
the location of the logarithmic singularities due to the
contributions of the K∗+K− and K∗0K¯0 intermediate
states in the (
√
s2 ,
√
s1 ) plane. It can be seen that they
come very close to the KK¯ thresholds (whose location
is shown in this figure and in Figs 14–19 with vertical
dotted lines) in the region of the η(1405) resonance. For
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Figure 14: Solid (dashed) curves show the imaginary (real)
part of the amplitude F+(s1, s2) for the charged intermediate
state and the amplitude F0(s1, s2) for the neutral intermedi-
ate state in the triangle loop calculated for the hypothetical
case of a stable intermediate K∗ meson.
example, if
√
s1 = 1.420 GeV, the singularities in the con-
tributions of theK∗+K− andK∗0K¯0 intermediate states
manifest themselves at the respective values
√
s2 ≈ 0.989
and 0.998 GeV of the π+π− system invariant mass (see
Fig. 13). Figure 14 shows a typical behavior of the imag-
inary and real parts of the amplitudes F+(s1, s2) and
F0(s1, s2) as functions of
√
s2 in the vicinity of the KK¯
thresholds and of
√
s1 in the vicinity of the η(1405) res-
onance, namely, at
√
s1 = 1.420 GeV. This behavior is
characterized by singularities in ImF+,0(s1, s2) and dis-
continuities in ReF+,0(s1, s2).
Because the singularities due to the charged and neu-
tral intermediate states, which are located in different
places, do not cancel each other, the mechanism under
consideration can apparently result in a catastrophic vi-
olation of isotopic symmetry in the decay η(1405) →
π+π−π0, as illustrated by Fig. 15.
Such a ‘singular’ scenario cannot occur in reality. Tak-
ing the finite width of theK∗ resonance into account (i.e.,
averaging the amplitude over a resonance Breit–Wigner
distribution in accordance with the Ka¨lle´n–Lehmann
spectral representation for the propagator of an unsta-
ble K∗ meson [152–154]) ‘smears out’ the logarithmic
singularities in the amplitude and in this way enhances
the mutual compensation of the contributions of the
(K∗+K− + K∗−K+) and (K∗0K¯0 + K¯∗0K0) interme-
diate states. This results in a significant decrease in the
calculated width of the η(1405) → π+π−π0 decay com-
pared to the case ΓK∗→Kpi =0 and in localization of the
main effect of isospin violation in the π+π− invariant
mass region between the KK¯ thresholds.
As stated above, we write the propagator of an unsta-
ble K∗ meson in the form of a spectral Ka¨lle´n–Lehmann
19
0.98 0.985 0.99 0.995 1 1.005 1.01 1.015
!!!!!!
s2 HGeVL
0
20
40
60
80
100
ÈF
Hs
1,
s 2
LÈ2
=
ÈF
+
Hs
1,
s 2
L-
F 0
Hs
1,
s 2
LÈ2
HG
eV
-
4 L
!!!!!!
s1 =1.420 GeV
 ÈFÈ2
 HReFL2
Figure 15: Absolute value squared and the real part squared
of the triangle- loop isospin-violating amplitude F (s1, s2) ≡
F+(s1, s2) − F0(s1, s2) for a hypothetical stable intermediate
K∗ meson. The integral contributions from the imaginary
and real parts of the amplitude are approximately the same
here.
0.98 0.985 0.99 0.995 1 1.005 1.01 1.015
" ## ##s2 HGeV L
0
1
2
3
4
5
Im
a
n
d
R
e
pa
rts
o
f
F +
,
0Hs
1,
s 2
L
HG
eV
-
2 L " # # ##s1 =1.420 GeV
ImF

+   ImF

0
ReF

+  ReF

0 
Figure 16: Solid (dashed) curves show the imaginary (real)
parts of the amplitude F¯+(s1, s2) for the charged intermediate
state and the amplitude F¯0(s1, s2) for the neutral intermedi-
ate state in the triangle loop calculated taking the instability
of the intermediate K∗ meson into consideration.
representation [152–154]
1
m2K∗ − k2 − imK∗ΓK∗
→
∞∫
(mK+mpi)2
dm2
ρ(m2)
m2 − k2 − iε
(98)
and approximate ρ(m2) as
ρ(m2) =
1
π
mK∗ΓK∗
(m2 −m2K∗)2 + (mK∗ΓK∗)2
. (99)
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Figure 17: (a) Absolute value, imaginary and real parts of
the triangle-loop amplitude F¯ (s1, s2) = F¯+(s1, s2)−F¯0(s1, s2)
calculated taking the instability of the intermediateK∗ meson
into account. (b) Phase of the amplitude F¯ (s1, s2).
Next, in the formulas for the amplitude F+,0(s1, s2), we
replace the K∗-meson mass squared m2K∗ with the vari-
able mass squaredm2 and define the amplitudes weighted
with the spectral density ρ(m2) [152–154],
F¯+,0(s1, s2) =
∞∫
(mK+mpi)2
ρ(m2)F+,0(s1, s2;m
2) dm2.(100)
Figure 16 illustrates the behavior of the imaginary and
real parts of the weighted amplitudes F¯+(s1, s2) and
F¯0(s1, s2) as a function of
√
s2 in the region of KK¯
thresholds at
√
s1 = 1.420 GeV. A comparison of this
figure with Fig. 14 shows that the singular behavior of
F+(s1, s2) and F0(s1, s2) almost completely disappears if
the K∗ meson instability is taken into account.
The absolute value, the imaginary and real parts,
and the phase of the amplitude of the triangle loop
F¯ (s1, s2) ≡ F¯+(s1, s2) − F¯0(s1, s2) that violates isotopic
invariance calculated with the instability of the interme-
diate K∗ meson taken into account are displayed in Fig.
17. We can see that all the characteristic features of
the amplitude F¯ (s1, s2) are linked to the KK¯ thresh-
olds, and the behavior of its absolute value and phase
are essentially similar to those of the a00(980) − f0(980)
mixing amplitude Πa0
0
f0(m) shown in Fig. 2.
Shown in Fig. 18 is the absolute value squared of the
amplitude F¯ (s1, s2) = F¯+(s1, s2)− F¯0(s1, s2), which was
obtained taking the instability of the intermediate K∗
meson into account. It should be compared with its ana-
log for ΓK∗ = 0 shown in Fig. 15. It is noteworthy that
the areas below the corresponding curves differ by about
an order of magnitude. This is the effect of the finite
width ΓK∗ = 50 MeV.
A similar situation occurs for all values of
√
s1 in the
region of the η(1405) resonance. Figure 19 shows the
overall view of the π+π− mass spectrum in the decay
η(1405) → π+π−π0 calculated for the nominal mass of
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part squared of the triangle-loop amplitude F¯ (s1, s2) =
F¯+(s1, s2)− F¯0(s1, s2) calculated taking the instability of the
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be compared with Fig. 15.
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Figure 19: Illustration of the pi+pi− mass spectrum shape in
the decay η(1405) → pi+pi−pi0 plotted using Eqn (101), which
corresponds to the contribution of the diagram in Fig. 12.
The dots with error bars represent the first BESIII data for
this decay [125].
η(1405), i.e., at
√
s1 = 1.405 GeV, using the formula
dN
d
√
s2
= C
√
∆
s1
∣∣F¯+(s1, s2)− F¯0(s1, s2)∣∣2
×s2Γf0→pi+pi−(
√
s2)
π|Df0(
√
s2)|2 , (101)
where C is a normalization constant.
In conclusion, we consider the high-level hierarchy of
isotopic-symmetry violations induced by the mass differ-
ence of K+ and K0 mesons discussed above.
The baseline isotopic symmetry violation in the process
amplitude is of the order of
≃ mK0 −mK+
mK0
≈ 1
126
. (102)
Symmetry violation in the process amplitude in the re-
gion between the K+K− and K0K¯0 thresholds owing to
any mechanism of production ofKK¯ pairs with a definite
isospin in the S-wave without anomalous Landau thresh-
olds, in particular, as a result of the a00(980) − f0(980)
mixing, is of the order of
≃
√
2(mK0 −mK+)
mK0
≈ 0.127 . (103)
Symmetry violation in the amplitude of the decay
η(1405) → f0(980)π0 → π+π−π0 due to logarithmic
triangular singularities in the contributions of (K∗K¯ +
K¯∗K) intermediate states in the
√
s2 region between the
K0K¯0 and K+K− thresholds [135] is of the order of
≃
∣∣∣∣∣∣ln
∣∣∣∣∣∣ ΓK∗/2√m2K0 −m2K+ + Γ2K∗/4
∣∣∣∣∣∣
∣∣∣∣∣∣ ≈ 1 (104)
(this estimate of the uncompensated part of the contri-
butions of charged and neutral intermediate states in the
triangle diagram, which is in agreement with Fig. 17a,
can be obtained, for example, from Eqn (90) if m2K∗ at
the singularity point is replaced with m2K∗ − imK∗ΓK∗).
In all of the cases of anomalous isotopic symmetry
violation, the phase of the symmetry-violating ampli-
tude varies in the region between the K+K− and K0K¯0
thresholds by approximately 90◦.
6. Manifestation of a0
0
(980)−f0(980) mix-
ing in decays of charmed mesons
Studies of the spectroscopy of light resonances (in par-
ticular, a0(980) and f0(980)) in weak hadronic decays
of D and Ds mesons is one of the main areas of ex-
perimental activities in charmed particle physics at the
CERN LHCb detector [84, 85]. We show below that ob-
servation of the effects related to a00(980)− f0(980) mix-
ing in the decays D+s → ηπ0π+ [140], D0 → K0Sπ+π−
and D0 → K0Sηπ0 [141] can shed additional light on the
mechanisms of f0(980) and a0(980) production in three-
particle hadronic decays of the D+s and D
0 mesons (the
nature of these mechanisms is far from being well under-
stood at the current stage of research.) The huge statis-
tics that can be collected in LHCb experiments makes
successful detection of the a00(980) − f0(980) mixing ef-
fects quite a feasible task.
6.1. Decay D+
s
→ ηpi0pi+
Figure 20 displays data on the S-wave spectrum of the
K+K− system mass in the decay D+s → K+K−π+
that were obtained by the BaBar collaboration [156].
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Figure 20: S-wave K+K−-mass spectrum in the decay D+s →
K+K−pi+ according to the BaBar data [156]; it corresponds
to the absolute value squared of the transition amplitude and
does not include the phase space factor of the K+K− system
in D+s → K+K−pi+. The vertical dotted lines show the lo-
cation of the K+K− and K0K¯0 thresholds. The solid curve
corresponds to the contribution of the f0(980) resonance (see
details in the text).
The shape of this spectrum and data on the shape of
the S-wave π+π− mass spectrum in the decay D+s →
π+π−π+ [157] can be successfully approximated by the
contribution of the f0(980) resonance (see curves in Figs
20 and 21). Indeed, up to overall normalization con-
stants, the curves reproduce the absolute value squared
of the scalar resonance f0(980) propagator: |SK+K− |2 ∼
1/|Df0(m2K+K−)|2, where mK+K− is the K+K− invari-
ant mass in the region above the K+K− threshold,
|Spi+pi− |2 ∼ 1/|Df0(m2pi+pi−)|2, and mpi+pi− is the π+π−
invariant mass. The f0(980) propagator itself was taken
from [95] without any modifications.
According to the PDG [9], the decay probability is
BR(D+s → f0(980)π+ → K+K−π+)
= (1.15± 0.32)% . (105)
The value itself and its accuracy, which are based on the
data of the BaBar [156] and CLEO [158] experiments,
need further exploration. It was actually assumed in the
initial analysis of BaBar [156] and CLEO [158] that the
possible presence of the a00(980) resonance in the K
+K−
system produced in the D+s → K+K−π+ decay can be
disregarded. Therefore, the value in (105) effectively cor-
responds to the sum of the f0(980) and a
0
0(980) contri-
butions to D+s -meson decay (the discussion of the data
in [156–158] is continued in footnote 8 and at the end of
this section).
The reliability of result (105) can be assessed by
exploring the three-particle decays of the D+s meson,
which are akin to D+s → K+K−π+. For example,
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Figure 21: S-wave pi+pi− mass spectrum in the decay D+s →
pi+pi−pi+ according to the BaBar data [157]. The shape of the
curve corresponds to the contribution of the f0(980) resonance
(see details in the text).
we proposed in [140] to explore manifestations of the
a00(980) − f0(980) mixing in the ηπ0 mass spectrum in
the decay 7 D+s → ηπ0π+ to obtain additional informa-
tion about the f0(980) and a
0
0(980) resonance production
mechanisms.
Guided by the value BR(D+s → f0(980)π+ →
K+K−π+) in (105) and the parameters of f0(980) and
a00(980) resonances discussed above, we obtained the fol-
lowing estimate for the contribution to the decay D+s →
ηπ0π+ due to the a00(980)− f0(980) mixing:
BR
(
D+s →
[
f0(980)→ (K+K− +K0K¯0)
→ a00(980)
]
π+ → ηπ0π+) = 4.1× 10−4 . (106)
The corresponding amplitude of the transition D+s →[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
π+ → ηπ0π+
is presented in Eqn (110).
Data on the decay D+s → ηπ0π+ [9, 159, 160] indi-
cate that it is almost completely dominated by the ηρ+
intermediate state:
BR(D+s → ηρ+ → ηπ0π+) = (8.9± 0.8)% , (107)
BR(D+s → ηπ0π+) = (9.2± 1.2)% . (108)
We let Aηρ+ and Af0a00 denote the
amplitudes of the respective transitions
D+s → ηρ+→ ηπ0π+ and D+s → [f0(980)→ (K+K− +
K0K¯0)→ a00(980)
]
π+→ ηπ0π+, and, to describe their
7 It would be reasonable to explore the contributions of various
intermediate states to the decay D+s → K0SK0Spi+ in detail.
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dependence on mass variables, use the expressions
Aηρ+ ≡ Aηρ+(m2ηpi0 ,m2ηpi+ ,m2pi0pi+) ≡ Aηρ+(s, t, u)
= CD+s ηρ+
s− t
Dρ+(u)
Fρ(u)
√
g2ρpipi
16π
, (109)
Af0a00 ≡ Af0a00(m
2
ηpi0) ≡ Af0a00(s)
= CD+s f0pi+
Πa0
0
f0(s)
Da0
0
(s)Df0(s)−Π2a0
0
f0
(s)
√
g2
a0
0
ηpi0
16π
, (110)
where s = m2ηpi0 , t = m
2
ηpi+ , and u = m
2
pi0pi+ are the
invariant masses squared of the specified meson pairs in
the decay D+s → ηπ0π+ (Σ = s+ t+ u = m2Ds + 2m2pi +
m2η); Dρ+(u) and Fρ(u) are the ρ
+-meson propagator and
barrier factor in the decay ρ+ → π+π0 [140]; CD+s ηρ+
and CD+s f0pi+ are the invariant amplitudes of the decays
D+s → ηρ+ and D+s → f0(980)π+. The effective vertices
D+s → ηρ+ and ρ+ → π0π+ were taken in the form
VD+s ηρ+ = CD+s ηρ+(ǫ
∗
ρ+ , pD+s + pη) , (111)
Vρ+pi0pi+ = gρpipi(ǫρ+ , ppi+ − ppi0) , (112)
where ǫρ+ is the ρ
+-meson polarization 4-vector, and
pD+s , pη, ppi0 , and ppi+ are the 4-momenta of the mesons
D+s , η, π
0, and π+ in the decay D+s → ηπ0π+. Thus, the
kinematic factor s− t in (109) is (pD+s + pη, ppi0 − ppi+).
The amplitude Af0pi that is responsible for the decay
D+s → f0(980)π+ → K+K−π+ [see (105)] is given by
Af0pi ≡ Af0pi(m2K+K−) ≡ Af0pi(s)
= CD+s f0pi+
1
Df0(s)
√
g2f0K+K−
16π
. (113)
Each invariant amplitude CD+s ηρ+ and CD+s f0pi+ is de-
scribed by a pair of real numbers, the absolute value
and phase, which do not depend on mass variables:
CD+s ηρ+ = a1e
iϕ1 and CD+s f0pi+ = a2e
iϕ2 . A similar ap-
proximation for the amplitudes of heavy-quarkonium de-
cays containing light resonances in intermediate states is
widely used for fitting distributions of Dalitz plot events
(see, e.g., [156–158]). It is specifically this approximation
that we use to obtain estimates.
As follows from (105) and (107),
|CD+s f0pi+ |
|CD+s ηρ+ |
=
a2
a1
≈ 4.5 GeV.
The ηπ0 and π0π+ mass spectra for the decay D+s →
ηπ0π+, which correspond to a noncoherent sum of contri-
butions from two mechanisms, D+s → ηρ+ → ηπ0π+ and
D+s →
[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
π+ →
ηπ0π+, are plotted in Figs 22a and b taking this re-
lation into consideration. The emergence of the sharp
peak with a width ≈ 2(mK0 −mK+) ≈ 8 MeV at mηpi0
in the region of the K+K− and K0K¯0 thresholds in Fig.
22a is due to the ηπ0-production mechanism owing to
a00(980)− f0(980) mixing. Figures 22c and d show, as an
example, the distributions of approximately 104 Monte
Carlo events on s − u and s − t Dalitz diagrams for the
decay D+s → ηπ0π+, which also correspond to the hypo-
thetical case of noncoherent addition of the two mecha-
nisms. As follows from Eqn (109), the s-u and s-t dis-
tributions for the mechanism D+s → ηρ+ → ηπ0π+ van-
ish on the dotted lines u = m2Ds + 2m
2
pi +m
2
η − 2s and
t = s respectively plotted in Figs 22c and d. Half of the
D+s → ηρ+ → ηπ0π+ events are located to the left and
half to the right of these lines. The events that are due
to the a00(980)− f0(980) mixing concentrate in s−u and
s − t Dalitz diagrams at s = m2ηpi0 ≈ 4m2K ; they consti-
tute about 1% of the half of the D+s → ηρ+ → ηπ0π+
events [see (106) and (107)]. This value is too high for
the noncoherent isospin-violating contribution. As was
noted above, it would be natural to expect that contri-
butions of that type to the reaction amplitude are of the
order of (md−mu)/m¯, where md and mu are the masses
of constituent quarks, m¯ = (md +mu)/2 [or of the order
of the electromagnetic constant α = e2/4π], and hence of
the order of 10−4 to the absolute value of the amplitude
squared.
The mass spectrum of the ηπ0 system in the decay
D+s → ηπ0π+ in the case of coherent addition of the
amplitude Aηρ+ of the D
+
s → ηρ+ → ηπ0π+ transition
and the amplitude Af0a00 due to the a
0
0(980) − f0(980)
mixing has the form
dNηpi0
dmηpi0
=
∫
|Aηρ+ +Af0a00 |
2 2mηpi0dm
2
pi0pi+ , (114)
where integration is performed over the physical domain
of the variable m2pi0pi+ = u. The relative phase of the am-
plitudes CD+s f0pi+ and CD+s ηρ+ becomes of importance
here: ϕ21 = ϕ2 − ϕ1 [or the parameter ξ = eiϕ21 ]. This
phase is not known, and to illustrate possible outcomes
of interference between the amplitudes Aηρ+ and Af0a00 ,
we set it equal to 0◦, ±90◦, and 180◦ (correspondingly,
ξ = 1, ±i and −1). The short and long dashed lines
in Fig. 23a show the version of the ηπ0 mass spectrum
in the region of the K+K− and K0K¯0 thresholds that
correspond to the respective values ξ = 1 and ξ = −1;
the dotted line shows the contribution of the amplitude
Aηρ+ alone, and the solid curve represents the case of
noncoherent addition of the two mechanisms that was
discussed above. The dotted and solid lines in Fig. 23b
show the same as in Fig. 23a, and the short and long
dashed curves display the versions that correspond to
the respective values ξ = i and ξ = −i. It is clear that
the interference of the amplitude Af0a00 with other con-
tributions virtually always manifests itself owing to rapid
change of the phase of the a00(980) − f0(980) transition
in the region between the K+K− and K0K¯0 thresholds
(Fig. 2b).
As was noted in [140], the decay D+s → ηπ0π+ can oc-
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Figure 22: Illustration of a manifestation of a00(980) −
f0(980) mixing in the decay D
+
s → ηpi0pi+ on the
background of its main mechanism D+s → ηρ+ →
ηpi0pi+ in the case of noncoherent addition of the con-
tributions from D+s → ηρ+ → ηpi0pi+ and D+s →[
f0(980) → (K+K− +K0K¯0)→ a00(980)
]
pi+ → ηpi0pi+. (a,
b) Mass spectra of the ηpi0 and pi0pi+ systems in the decay
D+s → ηpi0pi+. (c, d) Examples of Monte Carlo distributions
of the D+s → ηpi0pi+ decay events in s − u and s − t Dalitz
diagrams, respectively.
cur not only via the ηρ+ intermediate state or owing to
the a00(980)−f0(980) mixing but also via the intermediate
state (a0(980)π)
+: D+s → [a+0 (980)π0 + a00(980)π+] →
ηπ0π+. We can expect, however, that the probability
of that transition is not large. Using the data in (107)
and (108) as a very rough (upper) estimate, we find
BR(D+s → (a0(980)π)+ → ηπ0π+) ≈ 1%. 8 The case
of three different mutually interfering mechanisms of the
decay D+s → ηπ0π+ seems to be more realistic in princi-
ple. The corresponding combined amplitude of the decay
is
AD+s →ηpi0pi+ = Aηρ+ +Af0a00 +Aa0pi , (115)
where Aa0pi is the amplitude of the transition D
+
s →
(a0(980)π)
+ → ηπ0π+, which [similarly to the amplitude
Aηρ+ ; see (109)] is (in the isotopic-invariance approxima-
tion) antisymmetric with respect to permutations of s
8 The upper bound of BR(D+s → a00(980)pi+ → K+K−pi+)
is, in this case, ≈ 0.1%. It is noteworthy that this estimate
agrees with the initial assumption about the dominance of the
D+s → f0(980)pi+ → K+K−pi+ transition involving the f0(980)
resonance [156–158] [see Eqn (105)].
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Figure 23: ηpi0 mass spectra in the region of the
K+K− and K0K¯0 thresholds for four versions of inter-
ference between the amplitudes D+s → ηρ+ → ηpi0pi+
and D+s →
[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
pi+ →
ηpi0pi+. These versions are compared with the spectrum in the
noncoherent case. All the curves are described in the text.
and t [140]. Given this feature, the amplitude Aa0pi can
be naturally approximated using the formula
Aa0pi ≡ Aa0pi(m2ηpi0 ,m2ηpi+) ≡ Aa0pi(s, t)
= CD+s a00pi+
[
1
Da0
0
(s)
− 1
Da+
0
(t)
]√
g2a0ηpi0
16π
, (116)
where the amplitude CD+s a00pi+
= a3e
iϕ3 is assumed to
be a complex constant independent of s and t. We note
that on the s− t Dalitz diagram, any coherent sum of the
amplitudes Aηρ+ and Aa0pi yields a distribution of ηπ
0π+
events that is symmetric with respect to the t = s line
(and vanishes on the line itself.) Therefore, any asymme-
try in the distribution of ηπ0π+ events in the s− t Dalitz
diagram (with respect to the t = s line) is only due to the
Af0a00 = Af0a00(s) amplitude, which depends on s alone,
manifests itself in the region of the KK¯ thresholds, and is
generated by the isospin-violating a00(980)−f0(980) mix-
ing. An example of such an asymmetric s− t distribution
not involving the Aa0pi amplitude is shown in Fig. 22d.
A variety of examples of ηπ0 mass spectra and asymmet-
ric distributions of the D+s → ηπ0π+ decay events in the
s− t Dalitz diagrams, which illustrate possible scenarios
of interference among amplitudes Aηρ+ , Af0a00 , and Aa0pi
described by Eqns (109), (110), and (116), are reported
in [140]. Interested readers are referred to that study for
details.
Finding signatures of the mechanisms of the decay
D+s →
(
a00(980)π
+ + a+0 (980)π
0
) → ηπ0π+ is a chal-
lenging task for the physics of both weak hadronic de-
cays of D+s mesons and light scalar a0(980) and f0(980)
mesons. Progress in these areas in the nearest future will
naturally be related to studies conducted by the LHCb,
BaBar, CLEO, BESIII, Belle, and Belle II facilities.
It is clear that the observation of a00(980) − f0(980)
mixing in the decay D+s → ηπ0π+ would provide inde-
pendent information about the mechanism of production
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of f0(980) mesons (or the KK¯ system with the isospin
I = 0 in an S-wave) and would therefore facilitate elu-
cidating its role in the decay channel D+s → K+K−π+.
This observation seems to be even more important in
relation to another phenomenon that has not been ex-
plained yet. If f0(980) is produced in the π
+π− and
K+K− channels as an isolated resonance without any
background, the CLEO result BR(D+s → π+π−π+) =
(1.11±0.04±0.04)% [160] (see also [9, 157]) disagrees with
the assumption made by BaBar [156] and CLEO [158]
that f0(980) dominates in the decay D
+
s → f0(980)π+ →
K+K−π+. We recall that the PDG’s average value is
BR(D+s → f0(980)π+ → K+K−π+) = (1.15 ± 0.32)%
[see (105)]. Our estimates show that agreement with that
value and the shape of the line in Fig. 21 can be repro-
duced with BR(D+s → f0(980)π+ → π+π−π+) ≈ 3.4%.
The probability of the decay of an isolated f0(980) reso-
nance into π+π− is higher than that into K+K− simply
because of the K+K− system phase-space factor that
suppresses the f0(980)→ K+K− decay near the thresh-
old. The situation undoubtedly requires further ex-
ploration to elucidate the f0(980) resonance production
mechanisms in the decays D+s → f0(980)π+ → π+π−π+
and D+s → f0(980)π+ → K+K−π+.
6.2. Decays D0 → K0
S
pi+pi− and D0 → K0
S
ηpi0
Studies of the a00(980)− f0(980) mixing in three-particle
decays of D0 mesons, D0 → K0Sπ+π−, D0 → K0Sηπ0,
D0 → K¯0K−K+, D0 → K−K+π0, and D0 → π+π−π0,
are both promising and challenging. We here analyze
possible manifestations of that mixing in the decays
D0 → K0Sπ+π− and D0 → K0Sηπ0 [141] and show that
the π+π− mass spectrum in the decay D0 → K0Sπ+π− is
most strongly affected by the a00(980)− f0(980) mixing.
Owing to that mixing, the shape of the f0(980) peak in
the decay D0 → K0Sf0(980) → K0Sπ+π− can experience
deformations comparable to its magnitude. It is of im-
portance that this effect significantly depends on the rela-
tive phase of the D0 → K0Sf0(980) and D0 → K0Sa00(980)
decay amplitudes.
In the D0 → K0Sπ+π− and D0 → K0Sηπ0 decays,
the π+π− and ηπ0 mass spectra that are due to the
contribution of f0(980) and a
0
0(980) resonances with the
a00(980)−f0(980) mixing taken into account are given by
dNpi+pi−
dm
= 2m2PK0
S
(m)Γf0→pi+pi−(m)
×
∣∣∣∣∣ C1Df0(m) + e
iϕ C2Πa0
0
f0(m)
Da0
0
(m)Df0(m)−Π2a0
0
f0
(m)
∣∣∣∣∣
2
, (117)
dNηpi0
dm
= 2m2PK0
S
(m)Γa0
0
ηpi0(m)
×
∣∣∣∣∣ eiϕ C2Da0
0
(m)
+
C1Πa0
0
f0(m)
Da0
0
(m)Df0(m)−Π2a0
0
f0
(m)
∣∣∣∣∣
2
, (118)
wherem is the invariant mass of the π+π− or ηπ0 system,
PK0
S
(m) =
[m4D0 − 2m2D0(m2K0 +m2) + (m2K0 −m2)2]1/2
2mD0
,
and ϕ is the relative phase between the D0 → K0Sa00(980)
and D0 → K0Sf0(980) decay amplitudes. We have set
the values of the constants C1 = 0.047 GeV
−1/2 and
C2 = 0.095 GeV
−1/2 given the CLEO Data [161, 162],
PDG information [9], and the relations
BR(D0 → K0Sf0(980)→ K0Sπ+π−)
=
(
1.23+0.40−0.24
)× 10−3
=
mD0−mK0∫
2m+pi
2PK0
S
(m)Γf0→pi+pi−(m)
∣∣∣∣ mC1Df0(m)
∣∣∣∣2 dm,(119)
BR(D0 → K0Sa00(980)→ K0Sηπ0)
= (6.6± 2.0)× 10−3
=
mD0−mK0∫
mη+mpi0
2PK0
S
(m)Γa0
0
ηpi0(m)
∣∣∣∣∣ mC2Da0
0
(m)
∣∣∣∣∣
2
dm, (120)
in which the same parameters as before are used for the
f0(980) and a
0
0(980) resonances.
We discuss the situation with decays that are of inter-
est to us in more detail below. We only note here that
the numerical values for the decay probabilities used in
(119) and (120) are based on limited experimental statis-
tics and an analysis of decay amplitudes in the isobar
model. More accurate information about these values is
definitely quite desirable. Unfortunately, in processing
more recent experimental data on the D0 → K0Sπ+π−
decay, the BaBar [163] and Belle [164] collaborations (see
also [165]) have not specifically separated the f0(980) res-
onance contribution from the entire array of S-wave con-
tributions. Nevertheless, the f0(980) peak is clearly seen
in the π+π− mass spectrum in this decay [163, 164].
We define the fractions of isospin-violating contribu-
tions to the decays D0 → K0Sπ+π− and D0 → K0Sηπ0
due to the a00(980)− f0(980) mixing as
∆BR(π+π−) =
1
1.23 · 10−3
mD0−mK0∫
2m+pi
dNpi+pi−
dm
dm − 1 ,
(121)
∆BR(ηπ0) =
1
6.6 · 10−3
mD0−mK0∫
mη+mpi0
dNηpi0
dm
dm −1 . (122)
The quantities ∆BR(π+π−) and ∆BR(ηπ0) as functions
of the relative phase ϕ between the D0 → K0Sa00(980) and
D0 → K0Sf0(980) decay amplitudes are shown in Fig. 24
by respective solid and dashed lines. The horizontal solid
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Figure 24: Dependences of the isospin-violating contribu-
tions ∆BR(pi+pi−) (solid curve) and ∆BR(ηpi0) (dashed
curve) on the phase ϕ. The solid and dashed horizontal
lines show the respective noncoherent contributions from the
a00(980) − f0(980) mixing in the pi+pi− and ηpi0 channels.
and dashed lines in the same figure show the noncoherent
contributions to ∆BR(π+π−) and ∆BR(ηπ0) from the
a00(980) − f0(980) mixing, i.e., the contributions due to
the absolute values squared of the second summands in
(117) and (118), which amount to ≈ 1.7% in the π+π−
channel and ≈ 0.17% in the ηπ0 channel.
As follows from Fig. 24, the maximum construc-
tive (destructive) interference of the contribution from
a00(980) − f0(980) mixing in the π+π− channel corre-
sponds to the phase ϕ ≈ 245◦ (70◦), and the maximum
constructive (destructive) interference of the contribution
from a00(980)− f0(980) mixing in the ηπ0 channel corre-
sponds to the phase ϕ ≈ 110◦ (290◦). Figure 25 shows
the dNpi+pi−/dm and dNηpi0/dm mass spectra for these
limit interference cases.
The branching ratio BR(D0 → K0Sa00(980)→ K0Sηπ0)
being approximately five times larger than BR(D0 →
K0Sf0(980) → K0Sπ+π−) [see (119) and (120)] results in
an enhancement of the a00(980)−f0(980) mixing effect in
the π+π− channel compared with this effect in the ηπ0
channel. Owing to the interference, the integral effect of
the a00(980)−f0(980) mixing in the π+π− channel can be
as high as ≈ 11% (see Fig. 24), a value that is too large
for an isospin-violating effect. We can see from Fig. 25
that in the π+π− mass spectrum, the a00(980)− f0(980)
mixing can result in a significant deformation of the
shape of the f0(980) resonance peak, for example, nar-
rowing by a factor of approximately 1.5, and increasing
its height by up to 60%, or even in the emergence of two
peaks. The effect significantly depends on the relative
phase of the D0 → K0Sf0(980) and D0 → K0Sa00(980) de-
cay amplitudes. To detect these fine phenomena, high
resolution in the invariant mass m and large statistics of
events are certainly needed.
We now discuss the experimental situation [9, 161–
166]. The only experiment where theD0 → K0Sηπ0 decay
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Figure 25: Mass spectra of pi+pi− (a) and ηpi0 (b) at ϕ = 245◦
(solid curves) and ϕ = 70◦ (dashed curves); the dotted lines
in Figs a and b correspond to spectra without the a00(980) −
f0(980) mixing, i.e., contributions from the respective f0(980)
and a00(980) resonances. (c, d) The same as in Fig. a and b
but for ϕ = 110◦ (solid curves) and ϕ = 290◦ (dashed curves).
The dashed-dotted curve that corresponds to the difference
between the values of the solid and dashed curves is shown as
an example in Fig. a.
has been observed was performed by the CLEO collabo-
ration [162] with statistics from 155 events. An analysis
of the distribution of these events in the Dalitz diagram
showed in [162] that the D0 → K0Sηπ0 decay primar-
ily occurs via the K0Sa
0
0(980) andK
∗0(892)η intermediate
states, of which the former dominates. It is noteworthy
that a00(980) production was observed not only in the de-
cay D0 → K0Sa00(980) → K0Sηπ0 (for which BR(D0 →
K0Sa
0
0(980) → K0Sηπ0) = (6.6 ± 2.0) × 10−3 [9, 162])
but also in the channel D0 → K0Sa00(980) → K0SK+K−
[165, 166]. According to data in [166], BR(D0 →
K0Sa
0
0(980) → K0SK+K−) = (3.0 ± 0.4) × 10−3, while
it follows from the supplementary material in [165] (see
Ref. [18] there) that the central value is BR(D0 →
K0Sa
0
0(980) → K0SK+K−) ≈ 2.3 × 10−3. It is note-
worthy that the quoted branching ratios of the decays
D0 → K0Sa00(980)→ K0Sηπ0 [9] and D0 → K0Sa00(980)→
K0SK
+K− agree with the q2q¯2 model of the a00(980) res-
onance [3, 7, 18].
The number of candidates for the events of the D0 →
K0Sπ
+π− decay selected in the CLEO [161], BaBar [163],
and Belle [164] experiments was 5,299, 487,000, and
1,231,731, respectively. The Dalitz distributions of the
D0 → K0Sπ+π− events exhibit a rich structure. The
list of possible intermediate states includes K∗−(982)π+,
26
K∗−(1430)π+, K0Sρ
0, K0Sf0(980), K
0
Sf2(1270), and
K0Sf0(1370). An estimate in [161] shows that the con-
tribution of the K0Sf0(980) → K0Sπ+π− channel is
(4.3+1.4−0.8)%. In total, production of K
0
S together with the
S-wave π+π− system, K0S(π
+π−)S , yields about 12% of
the D0 → K0Sπ+π− decay probability [163, 164]. The
π+π− invariant-mass step in the mass region of 1 GeV
was about 5 MeV in the BaBar [163] and Belle [164] ex-
periments. It is noteworthy that the entire visible f0(980)
peak contains 6 to 7 points, implying that its width is
less than 25 MeV. The narrowness of the f0(980) peak
can be related to the effect of a00(980)− f0(980) mixing.
However, interference with the background from other
intermediate states certainly cannot be ruled out a pri-
ori. Future studies will hopefully resolve this issue. The
most clear-cut information about events corresponding
to the D0 → K0Sf0(980) → K0Sπ+π− channel and the
possible influence of background events on that channel
comes from the distribution of D0 → K0Sπ+π− events in
the (m2pi+pi− , m
2
K0
S
pi±
) Dalitz diagram.
7. Bottomonium decay Υ(10860) →
Υ(1S)f0(980)→ Υ(1S)ηpi
0
The Belle collaboration has recently performed a com-
plete amplitude analysis of three-particle transitions
e+e− → Υ(nS)π+π− (n = 1, 2, 3) for the energy √s =
10.865 GeV in the e+e− c.m.s. and determined the rel-
ative weight of different quasi-two-particle components
of the three-particle amplitudes and the spin and par-
ity of two observed Zb states [167].
9 The first data on
the transition e+e− → Υ(1S)f0(980) have also been re-
ported. According to [167], the fraction of the decay
Υ(10860)→ Υ(1S)f0(980) is
BR(Υ(10860)→ Υ(1S)f0(980)→ Υ(1S)π+π−)
BR(Υ(10860)→ Υ(1S)π+π−)
=
(
6.9± 1.6+0.8−2.8
)
% . (123)
Apart from decaying into π+π−, the resonance f0(980)
can also decay into ηπ0 via the transition
f0(980)→ (K+K− +K0K¯0)→ a00(980)→ ηπ0,
i.e., owing to the a00(980) − f0(980) mixing. Guided by
the central value of the strength of the f0(980)→ a00(980)
transition measured in the BES III experiment for the
reaction J/ψ → φf0(980)→ φa00(980)→ φηπ0 [see (34)],
i.e., assuming that
BR(f0(980)→ KK¯ → a00(980)→ ηπ0)
BR(f0(980)→ π+π−) ≈ 0.009,(124)
9 We are grateful to A E Bondar’, who directed our attention to
the decay Υ(10860) → Υ(1S)f0(980) → Υ(1S)ηpi0 and data
from the Belle collaboration [167].
we arrive at the following estimate for the fraction of
isospin- violating decays of the Υ(10860) meson [168]:
BR(Υ(10860)→ Υ(1S)f0(980)→ Υ(1S)ηπ0)
BR(Υ(10860)→ Υ(1S)π+π−)
≈ 6.2× 10−4 . (125)
We note that the f0(980) resonance in the π
+π− mass
spectrum in the decay Υ(10860)→ Υ(1S)π+π− was ob-
served in [167] not as a peak but as a deep dip due to
destructive interference with a large and smooth back-
ground. The dominance of a narrow resonance peak in
the ηπ0 mass spectrum in the region of KK¯ thresholds
is supposed to be a characteristic feature of the decay
Υ(10860)→ Υ(1S)f0(980)→ Υ(1S)ηπ0 because there is
no obvious background in the ηπ0 channel of the decay
Υ(10860)→ Υ(1S)ηπ0. The ηπ0 spectrum is [168]
dN(Υ(5S)→ Υ(1S)ηπ0)
dm
= Cp(m)
2m2Γa0
0
→ηpi0(m)
π
×
∣∣∣∣∣ Πa00f0(m)Da0
0
(m)Df0(m)−Π2a0
0
f0
(m)
∣∣∣∣∣
2
, (126)
where Υ(5S) is a shorthand notation for Υ(10860), m is
the invariant mass of the ηπ0 system, p(m) is the ηπ0
momentum in the Υ(5S) rest frame, and C is a normal-
ization constant. The momentum p(m) is weakly depen-
dent on m in the mass range m ∼ 1 GeV in the decay
Υ(5S) → Υ(1S)ηπ0, and therefore the spectrum virtu-
ally coincides with the ηπ0 mass spectrum shown by the
solid curve in Fig. 3.
The number of events selected as candidates for the de-
cay Υ(10860)→ Υ(1S)π+π− in the Belle experiment un-
der discussion in [167] was 2, 090±115. Thus, one or two
events corresponding to the decay Υ(10860)→ Υ(1S)ηπ0
could be produced owing to the a0(980)−f0(980) mixing
in the course of that experiment. One may hope that the
Belle II detector at the e+e− collider SuperKEK B to
be launched shortly will allow measuring this rare decay
with an accuracy of no worse than 10 percent. Given the
instantaneous luminosity 8 × 1035 cm−2 s−1 of the Su-
perKEK B collider (40 times larger than that of KEK),
the Bell detector will be able to record approximately
100 Υ(10860) → Υ(1S)ηπ0 events (i.e., from 50 to 150
events) in a new experiment in a narrow region of the ηπ0
invariant mass near the KK¯ thresholds within a time-
frame that was needed for the initial experiment of the
Belle collaboration [167]. 10 This implies that the anoma-
lous violation of isotopic invariance will enable studying
the production mechanisms and nature of light scalar
mesons also in the bottomonium domain.
In conclusion, we make a comment that is primar-
ily addressed to experimentalists. In obtaining result
10 We estimate that about three months was needed to collect the
statistics in the experiment [167].
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Figure 26: Illustration mf0 shift to values larger
than Mf0 . The solid curve shows ReDf0(m) =
Re
(
M2f0 −m2 +Mf0 gKK¯(m2K −m2/4)1/2
)
as a function of
m.
(123) for the relative fraction of the decay Υ(10860) →
Υ(1S)f0(980) → Υ(1S)π+π−, the Belle collaboration
[167] used the Flatte´ propagator for the f0(980) reso-
nance [10, 12],
1
Df0(m)
=
1
M2f0 −m2 − iMf0(gpipiqpi + gKK¯qK)
, (127)
where qpi =
√
m2/4−m2pi and
qK =
{ √
m2/4−m2K , above the KK¯ threshold,
i
√
m2K −m2/4 , below the KK¯ threshold,
with the mass Mf0 = 950 MeV and constants gpipi = 0.23
and gKK¯ = 0.75 obtained in [169] from the analysis of
data on the B± → K±π±π± decay. The mass Mf0 =
950 MeV, which is 30–40 MeV smaller than the value in
tables [9], may be perplexing. However, we should take
into account that at Mf0 < 2mK , the value of M
2
f0
in
the Flatte´ formula does not coincide with the location
of a zero of the real part of the resonance propagator,
in contrast to the case of the resonance mass squared if
the generally accepted definition is used [see, e.g., the
definition of mf0 in Eqn (5)]. The value of mf0 as the
location of a zero of ReDf0(m) should be determined
from the equation
Re
(
M2f0 −m2 +Mf0gKK¯
√
m2K −
m2
4
)
= 0. (128)
We find mf0 ≈ 979 MeV from this equation. Figure 26
clearly shows that mf0 is shifted to values larger than
Mf0 .
It has been noted many times that the Flatte´ prop-
agators are not satisfactory for studying f0(980) and
a0(980) resonances [41, 43, 97, 170]. If these propa-
gators are employed for the f0(980) and a0(980) states
with masses below the KK¯ thresholds (see examples in
[9, 156, 167, 169, 171, 172]), the resonance masses found
by fitting must be renormalized. Our propagators [see
(5)–(9)], which were first proposed in [2], are not plagued
with this problem. Therefore, we once again recommend
using them to determine the parameters of f0(980) and
a0(980) mesons.
8. Reactions violating isotopic invariance
in the central region
The exclusive reactions of hadron production in the cen-
tral region 11 of high-energy pp collisions, pp → p(X0)p,
were studied at the ISR (Intersecting Storage Rings) and
Spp¯S (Super Proton–Antiproton Synchrotron) at CERN
and the Tevatron at the Fermi National Accelerator Lab-
oratory (Fermilab) using a fixed target, and are currently
being explored at the Large Hadron Collider (LHC) at
CERN (see, e.g., reviews [24, 173–176]). Mass spec-
tra and production cross sections have been measured
in these experiments for a number of hadronic systems
X0: ππ [176–181], KK¯ [179, 182–184], ηπ+π− [185, 186],
KK¯π [187, 188], 4π [189, 190], ηπ0 [191], etc. Special at-
tention was paid to studying resonance contributions.
P
P
p (p1) p (p
′
1)
p (p2) p (p
′
2)
X0(q)
(q1)
(q2)
Figure 27: Production of the X0 hadron system in the cen-
tral region in the reaction pp → p(X0)p due to the double
pomeron exchange, PP . Indicated in parentheses are the 4-
momenta of the initial and final protons, P-exchanges, and
the X0-system; the main kinematic variables in this reac-
tion are s = (p1 + p2)
2, s1 = (p
′
1 + q)
2, s2 = (p
′
2 + q)
2,
M2 = q2 = (q1 + q2)
2, and t1 = q
2
1 , t2 = q
2
2 .
Resonances are produced in the central region at high
energies primarily due to the double pomeron exchange
(Fig. 27). Only resonances with positive C-parity and
the isotopic spin I = 0 can be produced in a two-pomeron
collision. The cross sections of processes driven by that
mechanism do not decrease as a power of energy [24, 173,
192–194]. Therefore, the observation of resonances in
X0 states with I = 1 is a signal that they are produced
or decay with isotopic invariance violation. Below, we
11 The value of the Feynman variable xF ≈ 0 can be considered a
common feature of the particles produced in the central region.
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present examples where such situations can occur [195].
8.1. Reactions pp → p(f1(1285)/f1(1420))p →
p(pi+pi−pi0)p
Clear-cut signals from f1(1285) and f1(1420) resonances
(with IG(JPC) = 0+(1++)) produced in the central re-
gion of the reaction pp → p(f1(1285)/f1(1420))p →
p(X0)p have been observed in all of their main decay
modes: ηππ [185, 186], KK¯π [175, 187, 188], and 4π
[189]. Experiments were performed at the momenta
P plab = 85, 300, 450, and 800 GeV/c of the protons
incident on a fixed target, or, correspondingly, at the
full energy
√
s = 12.7, 23.8, 29, and 40 GeV in the re-
action center-of-mass system. Data on the production
cross sections of these resonances are compatible with
the PP-exchange mechanism [174, 175, 185–189]. An im-
portant complementary experimental observation is that
the central-region production of states with IG(JPC) =
0+(0−+) and masses around 1.28 and 1.4 GeV was fully
suppressed [174, 175, 185–189]. In practical terms, this
circumstance may be helpful in determining the proper-
ties of the f1(1285) and f1(1420) resonances more accu-
rately than in other experiments where states with both
JPC = 1++ and JPC = 0−+ are concurrently observed.
Thus, in studying the production of f1(1285) and
f1(1420) in the central region in pp collisions, it is pos-
sible to determine the probabilities of decays of the two
resonances into all of their main modes in a single ex-
periment. We also note that due to the isotopic neutral-
ity of PP exchange, the reaction pp → p(f1(1285))p →
p(π+π−π0)p provides a unique possibility of studying
the isospin-violating decay f1(1285) → f0(980)π0 →
π+π−π0 in a setup that is virtually free of any back-
ground [195]. Owing to a substantially different arrange-
ment of the experiment, such a study would be a very
efficient test of the first results from VES [122] [see (32)
and (33)] and BESIII [134] [see (52)], which indicate a
very strong violation of isospin invariance in that decay.
A search for isospin-violating events pp → p(π+π−π0)p
in the vicinity of the f1(1420) resonance is also of inter-
est.
Regarding options to measure the reaction pp →
p(f1(1285))p → p(π+π−π0)p, we note the following. In
principle, one could use the data recorded by the Omega
spectrometer at CERN and the CDF detector (Collider
Detector at Fermilab) to extract information about the
events pp→ p(π+π−π0)p in the central region. However,
enthusiasts are needed for this task, because the facilities
themselves were decommissioned long ago. The reaction
pp → p(f1(1285))p → p(π+π−π0)p could currently be
measured at the LHC using the CMS (Compact Muon
Solenoid) detector. The CMS collaboration has recently
reported data on π+π− production in the central region
in pp collisions at
√
s = 7 TeV [176]. At an energy this
immense, the energies
√
s1 and
√
s2 of the subprocesses
p(p1)P(q2)→ p(p′1)X0(q) and p(p2)P(q1)→ p(p′2)X0(q)
(see Fig. 27) are also very large (and correspond to the
energy range where exchange by secondary Regge trajec-
P
P
p (p1) p (p
′
1)
p (p2) p (p
′
2)
a0
0
(980)
(q1)
(q2)
η
pi0
K+, K0
K−, K¯0
Figure 28: KK¯-loop mechanism of a00(980) production in the
central region in PP collisions.
tories, R, can de facto be disregarded compared to the
P exchange). Setting s1 ≈ s2, M ≈ 1 GeV, and
√
s = 7
TeV and using the relation s1s2 ≈ M2s (which holds
for processes in the central region [192–194]), we obtain√
s1 ≈ √s2 ≈ 84 GeV. Thus, the dominance of the PP
exchange in LHC experiments is a very good approxi-
mation. We note for comparison that in the fixed-target
experiments performed at CERN and the Tevatron, the
corresponding values of
√
s1 ≈ √s2 were ≈ 3.6, 4.9, 5.4,
and 6.3 GeV. Therefore, in interpreting the experimental
results, it was necessary in some cases to take possible
contributions from RP and RR exchanges into account,
in addition to the PP exchange.
Production of the f1(1285)) resonance and its subse-
quent decay into π+π−π0 could also be studied in the
central region of pp, pA, π−p, and π−A collisions in the
accelerator of the Institute of High Energy Physics in
Protvino.
8.2. Reaction pp→ p(a0
0
(980))p→ p(ηpi0)p
The a00(980) resonance production at LHC energies in
the central region in the reaction pp → p(a00(980))p →
p(ηπ0)p is supposed to primarily occur owing to the
mechanism shown in Fig. 28 [195]. Due to an incom-
plete cancellation of the K+K− and K0K¯0 intermediate
states produced in PP collisions, the isospin-violating
amplitude of a00(980) production does not decrease as
energy grows. The mass spectrum of the final ηπ0 sys-
tem should be a narrow resonance peak concentrated in
the region of the KK¯ thresholds, similarly to that de-
picted with a solid curve in Fig. 3. Judging by avail-
able data, the amplitude of the PP → KK¯ transition,
which drives the process shown in Fig. 28, is dominated
by the contribution from f0(980) resonance production
[174, 175, 177–184], PP → f0(980) → KK¯ (Fig. 29).
Indeed, the mass spectra of K+K− and K0K¯0 pairs
exhibit a powerful enhancement in the vicinity of their
thresholds [182–184]. The resonance f0(980) also clearly
manifests itself in the π+π− and π0π0 mass spectra, al-
beit in the form of a narrow dip that occurs as a result
of destructive interference with a large and smooth co-
herent background [174, 176–181]. Thus, a00(980) is quite
probably produced due to the a00(980)− f0(980) mixing,
PP → f0(980) → (K+K− +K0K¯0) → a00(980) → ηπ0.
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Figure 29: Production of the f0(980) resonance in KK¯ decay
channels in the central region in PP collisions.
The corresponding cross section as a function of the in-
variant mass M ≡ m of the ηπ0 system is given by
σ(PP → f0(980)→ (K+K− +K0K¯0)
→ a00(980)→ ηπ0;m) = |CPP→f0 |2mΓa0
0
→ηpi0(m)
×
∣∣∣∣∣ Πa00f0(m)Da0
0
(m)Df0(m)−Π2a0
0
f0
(m)
∣∣∣∣∣
2
, (129)
where CPP→f0 is the PP → f0(980) transition ampli-
tude.
The a00(980) production cross section in PP collisions
followed by the decay into ηπ0 can be estimated without
going into details of the transition PP → KK¯ (see Fig.
29). The latter can, in principle, be due to not only the
contribution of the f0(980) resonance (see Fig. 29) but
also a nonresonance mechanism of KK¯ production.
For this, we use the relation
σ(PP → a00(980)→ ηπ0;m)
≈ |A˜(2mK+)|2|ρK+K−(m)− ρK0K¯0(m)|2
×
g2
a0
0
K+K−
16π
mΓa0
0
→ηpi0(m)
|Da0
0
(m)|2 , (130)
in which |A˜(2mK+)|2 should be determined using data on
theK+K− production cross section in the near-threshold
region:
σ(PP → K+K−;m) = ρK+K−(m) |A˜(m)|2 . (131)
An order-of-magnitude estimate in the region of m be-
tween the K+K− and K0K¯0 thresholds yields
σ(PP → a00(980)→ ηπ0;m) ≈ 0.05|A˜(2mK+)|2. (132)
A comparison of this estimate with data on σ(PP →
a00(980)→ ηπ0;m) allows verifying their consistency with
data on σ(PP → K+K−;m) and the hypothesized vio-
lation of isotopic invariance due to the mass difference
of K+ and K0 mesons. It should be kept in mind that
a similar way to check the consistency of the results of
measurements for the decays f1(1285) → π+π−π0 and
f1(1285)→ KK¯π was discussed in Section 5.2. Formulas
relating σ(PP → X0;m) to the experimentally measured
cross section of the reaction pp→ p(X0)p can be found,
e.g., in [192–194].
Data about the central production of a00(980) in the
reaction pp → p(ηπ0)p are only available from measure-
ments made by the Omega spectrometer at CERN at√
s = 29 GeV [191, 196] (see the discussion on the in-
terpretation of those data in [104, 107, 109, 123]). We
note the following. Clear-cut peaks at
√
s = 29 GeV
have been observed in the ηπ0 mass spectrum that corre-
spond to a00(980) and a
0
2(1320) resonances with widths
typical of those mesons, Γ(a0(980)) = 72 ± 16 MeV
and Γ(a2(1320)) = 115 ± 20 MeV (see PDG data [9]).
This picture at the energies
√
s1 ≈ √s2 ≈
(
m2
a0
0
s
)1/4
≈(
292 GeV4
)1/4 ≈ 5.4 GeV indicates a significant role of
secondary Regge trajectories, for which the ηπ0 produc-
tion in the central region is not forbidden by G-parity.
For example, the a00(980) resonance can be produced in
merging the ηπ0, a02f2, and a
0
2P Regge exchanges. Con-
tributions from the secondary Regge trajectories signif-
icantly taper off at LHC energies, and it is natural to
expect that the a00(980) resonance will only be produced
owing to the mechanism described above (see Fig. 28),
which does not ‘fade’ and violates isotopic invariance.
The change in the mechanism of central production of
a00(980) will be signalled by a narrowing of the a
0
0(980)
peak in the ηπ0 channel with increasing energy.
9. Conclusion
The phenomenon of a00(980)− f0(980) mixing [2] gave a
boost to the experimental search for its effects in reac-
tions (24)–(28) as performed by the VES [120, 122] and
BES III [96, 125, 134] collaborations. These activities
clearly showed that studies of the a00(980)− f0(980) mix-
ing in various reactions and a more general phenomenon,
the KK¯-loop mechanism of isotopic invariance violation,
can be very helpful in identifying both the production
mechanism of light scalar mesons and the nature of those
mesons [1, 5].
We emphasize once again that the mass spectrum
of light scalar mesons σ(600), κ(800), a0(980), and
f0(980) indicates their four-quark, q
2q¯2, structure. The
rates and mechanisms of the production of a0(980) and
f0(980) resonances in radiative decays of the φ(1020)
meson, four-quark transitions φ(1020) → K+K− →
γ[a0(980)/f0(980)], indicate their q
2q¯2 nature. The
rates and mechanisms of two-photon production of
light scalars, four-quark transitions γγ → π+π− →
σ(600), γγ → π0η → a0(980), and γγ → K+K− →
f0(980)/a0(980), are also evidence in favor of their q
2q¯2
nature.
We also note that these states cannot be loosely
bound molecules [1]. The decay φ(1020) → K+K− →
γa00(980)/f0(980) was shown in [41, 65, 66] to involve
virtual momenta of K(K¯) mesons over 2 GeV/c, while
in the case of loosely bound molecules with a binding
energy of about 20 MeV the corresponding momenta
30
would be approximately 100 MeV/c. It is noteworthy
that the production of scalar mesons in πN collisions
at large transferred momenta also indicates a compact
structure of these particles [197]. Promising prospects
are presented in [1] for studying the nature of a0(980)
and f0(980) states in γγ and γγ
∗ collisions (where γ∗ is
the virtual gamma-quantum), in J/ψ decays, and in πN
collisions, and when comparing the production of light
scalar and pseudoscalar mesons in semileptonic decays of
Ds and D mesons in c−τ and super-c−τ factories and
semileptonic decays of B mesons in super-b factories.
The high statistical accuracy of modern-day experi-
ments raises hopes that data on a00(980)−f0(980) mixing
will be elucidated (as confirmed by the recent study of the
BESIII collaboration [198]), and new precise data on the
decays f1(1285)→ f0(980)π0 → π+π−π0 and η(1405)→
f0(980)π
0 → π+π−π0 will be obtained. The isotopic in-
variance violation discussed in this review will hopefully
be discovered in polarization experiments, weak hadronic
decays of charmed D+s and D
0 mesons, the bottomonium
decay Υ(10860) → Υ(1S)f0(980) → Υ(1S)ηπ0, and the
production of hadrons in the central region. It is quite
probable that other interesting cases of strong isospin
violation in the production of a00(980) and f0(980) res-
onances related to the difference in masses between K+
and K0 mesons will be observed, in particular, in B and
Bs decays.
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